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THE CLASSIFICATION OF IRREDUCIBLE ADMISSIBLE 
MOD p REPRESENTATIONS OF A p-ADIC GL„ 

FLORIAN HERZIG 



Abstract. Let _F be a finite extension of Qp. Using tlie mod p Sa- 
take transform, we define wliat it means for an irreducible admissible 
smooth representation of an _F-split p-adic reductive group over Fp to be 
supersingular. We then give the classification of irreducible admissible 
smooth GL„(_F)-representations over Fp in terms of supersingular repre- 
sentations. As a consequence we deduce that supersingular is the same 



H , „ ^ _„ „.._.„ _ 

, /^ l ■ as supercuspidal. These results generalise the work of Barthel-Livne for 



n = 2. For general split reductive groups we obtain similar results under 
stronger hypotheses. 

1. Introduction 



p^ . Let F be a finite extension of Qp with ring of integers and residue field k. 

!>■ I Tlie liypotlietical mod p Langlands correspondence is expected to associate 

to an n-dimensional mod p Galois representation p : Gal{F/F) — *■ GL„(Fp) 

f-^.. . an admissible smooth representation 7r(p) of GL„(F) over Fp (or maybe 

an equivalence class of such representations). So far this is understood 

l/^ ■ in the case n = 2 and F = Qp (see |Bre03b] . [CoUO] ). with some recent 

^^ I progress on the case n = 2 and F/Qp unramified (see [BPj ) . While mod 

p Galois representations are relatively easy to understand, the theory of 
mod p smooth representations of p-adic reductive groups is only at its be- 
ginnings. It takes its origin with the fundamental work of Barthel-Livne 

^ ' |BL95j , |BL94j that classifies irreducible representations of GL2 (F) over Fp 

that have a central character into four classes: (i) irreducible principal series, 
(ii) one-dimensional representations, (iii) twists of the Steinberg representa- 
tion, and (iv) "supersingular" representations. While the first three classes 
are explicit, the classification of supersingular representations has only been 
completed so far for F = Qp [Brc03a]. When F ^ Qp it turned out to be 
much more complicated [BPj . jiHulOj . 

In this paper we generalise the work of Barthel-Livne to GL„, giving the 
classification of irreducible admissible representations of GL.„(F) over Fp in 
terms of supersingular representations. (From now on "admissible" is short 
for "admissible smooth".) We first define what it means for an irreducible 
admissible representation to be supersingular (generalising the definition 
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2 FLORIAN HERZIG 

for GL2) by means of the mod p Satake isomorphism [Her 11] . To state our 
main theorem we need to recall the definition of the generalised Steinberg 
representations. Let P denote any standard parabolic subgroup, that is a 
parabolic subgroup containing the Borel subgroup B of upper triangular 
matrices. Let P denote the opposite parabolic and let 



It is known to be irreducible and admissible [GKj . 

Theorem 1.1. The irreducible admissible GJjn{F) -representation are given 

by Ind-p "I '{ai^ ■ ■ ■ Ur), where 

(i) P is a standard parabolic with Levi \Yi=i GL„.; 
(ii) (Tj is an irreducible admissible Gl-inXF) -representation such that ei- 
ther 

o (Tj is supersingular and rij > 1, or 

o (Tj = Spg. ®{r]i o det) for some smooth character rji : F^ ~^^p 
and some standard parabolic Qi C GL„.; 
(iii) rji 7^ r]i+i whenever both CTi and Uj+i fall into the second case. 

Moreover, P is uniquely determined and each ctj is unique up to isomor- 
phism. 

Note that Ollivier [O1106| proved the irreducibility of this representation 
when it is a principal series, i.e., when rei = • • • = n^ = 1. In this case 
(Tj = r]i for all i and consecutive characters are distinct. When n = 2 
the result recovers the classification of Barthel-Livne: when P = B one 
obtains the irreducible principal series; when P = G one obtains twists of 
generalised Steinberg representations (either trivial or Steinberg in this case) 
and supersingular representations. 

Corollary 1.2. Suppose that tt is an irreducible admissible GLn{F) -representation. 
Suppose that Q = LN' is a standard parabolic and that r is an irreducible 
admissible L{F) -representation. 

(i) Ind-^ " r is of finite length, and all constituents occur with mul- 
tiplicity one. 
(ii) vr is supersingular if and only if it is supercuspidal. 

Note that the constituents in part (i) can be described explicitly. By a 
supercuspidal representation in part (ii) we mean an irreducible admissible 
representation that does not occur among the constituents of any parabolic 
induction in part (i) of the corollary with Q ^ GL„. 

These results follow from the work of Barthel-Livne when n = 2. Part 
(i) was also known in the case of the trivial principal series Ind-^ " 1 by 

|GK] (the constituents are the Spp) and for all principal series when n = 3 
[VigOS] . 
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It is not hard to determine the submodule structure of the representations 
in part (i) using the methods of this paper. See Section [lOl 

1.1. Comparison ■with classical results. It is interesting to compare the 
results with the results of Bernstein and Zelevinsky over the complex num- 
bers |BZ77j . [ZelSO j. The most striking difference is the complete lack of 
intertwining operators in our context, by the uniqueness part of Theo- 
rem 11.11 Thus for example the principal series Ind^(xi (8) • • • (8) Xn) and 
Ind^(Xi ® • • • (X" x'n) do not share any common constituents unless Xi = x'i 
for all i. Note that there is no obvious way to produce intertwining operators 
over Fp due to the lack of an Fp-valued Haar measure. One would however 
expect non-trivial extensions between the irreducible representations and 
the knowledge of these will play some role in the understanding of a mod p 
Langlands correspondence. (For G\^2{Q.p) extensions between irreducibles 
were computed in |Colinj . [EmelObj . [BP] . [PaslOj .) 

Another difference, maybe related to the lack of intertwining operators, 
is that parabolic inductions tend to be irreducible. In some sense the only 
reducibilities arise for "obvious" reasons, namely when rn = r/j+i for some i 
in Theorem ll.il And in those cases constituents occur with multiplicity one, 
unlike over the complex numbers (in fact Zelevinsky formulated an analogue 
of the Kazhdan-Lusztig conjecture to predict the multiplicities |Zel81] ). 

1.2. Methods used. We now want to explain in more detail what goes 
into the proofs. Most of our methods work for more general groups, so let 
G be a split connected reductive group over F. It is known that G extends 
to a connected reductive group over the ring of integers 0. Fix such an 
integral model Giq, and fix a maximal split torus Tiq and a Borel subgroup 
BiQ containing T. Then K := G{0) is a hyperspecial maximal compact 
subgroup of G{F) [Tit79l 3.8.1]. We usually write G for G{F), etc. This 
should not lead to any confusion. 

1.2.1. Weights, Hecke eigenvalues, and supersingular representations. Let 
vr be any admissible smooth G-representation over Fp. It is easy to see 
that tt\k contains an irreducible X-subrepresentation V. Since the kernel 
of K = G{(D) -^ G{k) is a pro-p group and the coefficient field has char- 
acteristic p, it follows that V factors through a representation of the finite 
group G{k) over Fp. Such a representation is called a K -weight, or simply 
weight. The multiplicity space IIomx(y, vr) is finite-dimensional (as tt is ad- 
missible) . Let c-Indj^ V denote the representation compactly induced from 
V. By Frobenius reciprocity we have IIomx(V^, vr) = IIomG'(c-Ind^ y, vr), 
so that the Hecke algebra 'Jiciy) ■= EndG(c-Ind^ y) naturally acts on it. 
Let X^{T)- denote the subset of antidominant coweights in }ioui{Gm,T). 
In [Herllj we established an analogue of the Satake isomorphism, showing 
that !Kg{V) = Fp[X*(T)_]. (The map depends on the choice of positive 
roots and on the choice of a uniformiser.) In particular, ^iciV) is commu- 
tative. Thus the 'KGiV)-m.odule Homi^(y,7r) is a direct sum of generalised 
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eigenspaces, and there exists an eigenvector in each of them. Note that an 
algebra homomorphism x '■ 3^g(^) — *■ ^p occurs as set of Hecke eigenvalues 
of ^G'(y) on Hom/^(y, vr) if and only if there is a non-zero G-linear map 

(1.3) c-Ind| V ®^a(V),x ^p ^ ^• 

Suppose that vr is moreover irreducible. For each set of Hecke eigenvalues 
X occurring on Hom/^ (y, vr) we get a monoid homomorphism x' '■ X^{T)- -^ 
¥p via the Satake isomorphism. Note that in our setup above we fixed 
a reductive integral structure G/q, giving rise to K. We say that vr is 
supersingular if, for any reductive integral structure G/q, we have that x' 
is zero on all non-invertible elements of X*(T)_ for all x ^^^ s-H ^- (When 
G = GL„, all hyperspecial maximal subgroups are conjugate, so that we can 
work with a fixed G/q and K. Moreover, as a corollary to Theorem 11.11 we 
will see that x' is independent of x and V above, so that the condition only 
needs to be checked once.) 

We now discuss two of the key tools that go into the proofs of the main 
results. 

1.2.2. Comparison of compact and parabolic inductions. Suppose we are 
given a weight V and an algebra homomorphism x ■ ^g(^) ~^ ^p- the 
support of x' ■ X^(T)- -^ ¥p determines a facet of the antidominant Weyl 
chamber which in turn determines a standard parabolic P^. Let P = MN 
be a standard parabolic containing P^. U V is sufficiently "regular" (de- 
pending on P), a condition that is satisfied by most weights, we show that 
there exists a natural isomorphism 

(1.4) c-Ind| V ®Me(y),x ^P -^ Indf (vtm), 

for a certain smooth M-representation ttm defined in terms of V and x- 
Note that ttm is not admissible in general. It is a representation of the same 
form as the left-hand side. (See Theorem 13.11 for the precise statement.) 
When P = G, the isomorphism (|1.4|) is the identity map. 

When G = GL2 and P = B the isomorphism p.4|) was established by 
Barthel-Livne using a calculation with the Bruhat-Tits tree. In that case 
ttm is a character. In our proof we compare compact and parabolic induc- 
tions via a parahoric induction, building on the ideas of Schneider-Stuhler 
[559T] and Vigneras |Vig04| . 

1.2.3. Changing the weight. In certain situations we construct isomorphisms 
of the form 

c-Ind^ Vi ®-Kg{Vi),xi ^p -^ c-Ind^ V2 '»Mg(V2),x2 ^P' 

where Vi are weights and Xi • ^g(^) — *■ ^p are algebra homomorphisms 
(z = 1, 2). Suppose we have such an isomorphism. By (jl.Sp . if Vi occurs in 
vr with eigenvalues xi^ then V2 occurs in vr with eigenvalues X2- 

While the method is general, for the moment we can obtain an explicit 
criterion mainly when G = GL„. The idea is to study the Hecke bimodule 
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HomG'(c-Indj^ Vi, c-Ind^ V2). Our proof requires an explicit version of the 
Satake transform, which we deduce from the corresponding result over the 
complex numbers (the formula of Lusztig and Kato) . 

1.2.4. Irreducibility proof. Let G = GL„. Suppose vr := Ind^(o"i (8) • • • (8) cr^) 
as in Theorem 11.11 To prove irreducibility it is enough to show that any 
weight V C TT generates vr as G-representation. Without loss of generality 
y ^-)- TT is a Hecke eigenvector. If V is sufficiently regular we find a map 
ttm ^* 0"! (8) • • • (8) ctj. and use the isomorphism (|1.4p to obtain a surjection 
c-Ind;^ V ^>^ IT. This shows that V generates vr. Otherwise we use the 
criterion of ^1.2.31 to change to a sufficiently regular weight and we are 
done as before. (To verify the criterion we use conditions (ii) and (iii) in 
Theorem I l.li) 



1.2.5. Classification proof. Let G = GL„. Suppose n is an irreducible ad- 
missible G-representation. Let y be a weight of vr and let x be a set of Hecke 
eigenvalues on Houik {V, ir) . Then vr is a quotient of c-lndj^V ^■Kg{V),x ^p 
by (|1.3p . Suppose we can satisfy the conditions in §1.2.21 for some proper 
parabolic P ^ G. Then Ind^(7rj\,f) ^> vr by (jl.4p . Using Emerton's theory 

of ordinary parts [EmelOaj one gets a map Ind^ o" -» tt for some irreducible 
admissible M-representation a and one can proceed by induction. Other- 
wise one tries to change the weight using the criterion of ^1.2.31 If both 
tactics fail, it turns out that vr is either supersingular or vr looks like a one- 
dimensional representation in the sense that it contains the same weight 
with the same Hecke eigenvalues as such a representation. A calculation 
with the Iwahori Hecke algebra allows us to conclude in the latter case. 

Both the irreducibility and the classification proofs go through for gen- 
eral G provided one puts conditions on the weights of the representation so 
that all weights that occur in the arguments are sufficiently regular. See 
Theorems 18.81 and 19.171 for precise statements. 

1.3. Other results. We complete the irreducibility proof of the generalised 
Steinberg representations Spp of split reductive groups. This was proved by 
Groi3e-Klonne in case the root system is of type A, B, C, or D. In general we 
use his work to show that Spp contains a unique weight (with multiplicity 
one) and we determine the Hecke eigenvalues in that weight. We then use 
§1.2.2l to show that the unique weight generates the representation. 

1.4. Arrangement of the paper. In f|2H3]we discuss Hecke actions, vari- 
ants of the mod p Satake transform, and the comparison result between 
compact and parabolic inductions. In ^ we give a parameterisation of 
Hecke eigenvalues which is analogous to the classical parameterisation by 
unramified characters of the torus. We also define what it means for an ir- 
reducible admissible representation to be supersingular. In ^we adapt the 
result of Lusztig and Kato to give an explicit version of the mod p Satake 
isomorphism. In ^we study maps between compact inductions and deduce 
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our "change of weight" criterion. In ^we discuss generahsed Steinberg rep- 
resentations. In S|8H9] we deduce the main results. Finally in fTOl we prove 
results on the submodule structure of parabolically induced representations. 

1.5. Notation. Let F be a finite extension of Qp with ring of integers 0, 
uniformiser w, and residue field k of order q. Let G be a split connected 
reductive group over and fix a maximal split torus T. Let $ C X*{T) 
denote the set of roots. For each root q € <I* denote by a^ the associated 
coroot. Choose a system of positive roots ^^ and let B = TU denote the 
associated Borel subgroup. Let W be the Weyl group and let K = G{0), 
a hyperspecial maximal compact subgroup of G{F). For example, we could 
take G = GL„ with the diagonal maximal torus T and the Borel subgroup 
B consisting of upper triangular matrices. 

The letters P, Q usually denote standard parabolic subgroups, i.e., par- 
abolic subgroups containing the Borel B. A Levi decomposition P = MN 
of a standard parabolic is implicitly assumed to be standard, i.e., M is the 
unique Levi subgroup of P that contains T. If P = MN is a parabolic we 
denote by P = AIN the opposite parabolic (determined by our choice of Levi 
M). We will sometimes use that the multiplication map N x M x N ^ G 
is injective on F-points (in fact it is even an open immersion on the level of 
0-schemes |Jan03l §II.L11]). 

We denote by Z the connected centre of G. Similarly Zm denotes the 
connected centre of a Levi subgroup M. We denote by X*(T)_ the set of 
antidominant coweights of T. The set of simple roots in $^ is denoted by A. 
If P = AIN is a standard parabolic, we similarly define Am (with respect 
to$+ =$A/n$+). 

We denote by red : K = G(0) — *■ G{k) the reduction map and by K{1) 
its kernel, which is a pio-p group. For a standard parabolic subgroup P, we 
let 7 := red" {P{k)) be the corresponding parahoric subgroup. We will also 
write / for the standard Iwahori subgroup 'B and define /(I) := red" {U{k)) 
(the pro-p Sylow subgroup of /) . 

U H is a group and a an if -representation, we denote by soc^ a the 
i/-socle, i.e., the largest semisimple subrepresentation. 

We usually write G, P, M, ... when we really mean G{F), P{F), M{F), 
. . . This should cause no confusion. 

We use the following abbreviated notations for the conjugation action: 
^K = tKt-^ and K* = r^Kt. 

All representations in this paper, unless otherwise stated, live on k-vector 
spaces. 

1.6. Ackno'wledgements. I am grateful to Matthew Emerton for his com- 
ments and particularly for making a very helpful observation related to 
Proposition l9.11 I thank Christophe Breuil, Guy Henniart, Vytautas Paskunas, 
Peter Schneider, Marie-France Vigneras, and the referee for useful com- 
ments. I also thank the mathematics department at UCLA for the excellent 
working conditions during my stay in the spring of 2009. 
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2. Hecke actions and the Satake transform 
2.1. Background. 

2.1.1. Weights. 

Definition 2.1. A weight is an irreducible representation V of the finite 
group G{k) over k. 

The set of (/-restricted weights is defined to be: 

Xq{T) = {A G X*(r) : < (A, a") <q Va G A}. 
We also define: 

X°(T) = {A e X*{T) : (A, a"^) =0 Va € $}. 

For u € X*{T) dominant, let F{i>) denote the irreducible G/j-module of 

highest weight u. Via the inclusion G{k) -^ G{k), we can consider F{i^) as 
G(A;)-representation. 

Proposition 2.2. Suppose that the derived subgroup of G is simply con- 
nected. Then all weights are of the form. F^u), where v € Xq{T). Moreover 
for v, v' £ Xq{T), we have F{v) = F{iy') as G{k) -representations if and 
onlyifv-v'(^ {q-l)X^{T). 

This goes back to Steinberg if G is semisimple; in general, see Prop. 1.3 
in the appendix to |Her09| . If the derived subgroup of G fails to be simply 
connected, weights can be described using a z-extension of G ij. (as in the 
proof of JHerllt Lemma 2.5]). 

We will sometimes denote by 1 the trivial weight. If P = MN is a 
standard parabolic, we denote by X^{T) and F^\u) the analogues of X'^(T) 
and F{v) for the Levi M. 

For the following, very useful Lemma see [Herllt Lemma 2.5]. It was first 
proved by Smith and Cabanes. 
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Lemma 2.3. Suppose that V is a weight and that P = MN is a standard 
parabolic. Then V^^^' and V^/^-, are weights for M and the natural, M{k)- 

linear map V^^'^' — s- Vj^,f^-. is an isomorphism. In particular, V^^^' = Vjj/j^-. 
is one- dimensional. 

Suppose the derived subgroup of G is simply connected. If V = F{v) for 
some V G Xq{T), then V^ ' = F (u). Moreover, as a subspace of F{v), 
YN(k) j^g ^^g gyj^ qJ ^11 weight spaces F[i')^i with u — v' G 'L^m- 

Definition 2.4. A weight V is said to be M -regular if Stabiy (F^^'')) C Wm- 

Here Siahw{y^^^^) denotes tlie set oi w ^ W tliat preserve the one- 
dimensional, T(A;)-stable subspace V^^^' C V . Let us make this condi- 
tion more explicit in case V = F{v) for some v G Xq{T). Note that 
Stdhw{V^^^') = Stabvi/(z^), which is generated by the simple reflections 
Sa for a G A such that (z/, a^) = 0. Thus V = F{v) is M-regular if and 
only if < {v, a^) <q-l for all a G A - Am- 

Lemma 2.5. The map V i-^- V^^^> from M-regular weights for G to weights 
for M is a bijection. 

Proof. Suppose first that the derived subgroup of G is simply connected. 
Then the same is true for M. Let ^ be a weight for M. Then V = F (u) 
for some v G X*{T) such that < {v, a^) < q — 1 for all a G Am- We need 
to find u' G X*{T) such that (a) < {u^a"^) < g - 1 for all a G Am, (b) 
< (i/', a'^) <q-l for all a G A - Am, and (c) u - i^' £ {q - l)Xlj{T). 
The first two conditions express that z/' is g-restricted and that the weight 
V = F{v') is M-regular. Condition (c), which in fact implies (a), expresses 
that V^^^> = V . Clearly there is such a v' and it is uniquely determined up 
to {q — 1)X^{T). This completes the proof. 

In the general case, pick a z-extension 1^-i?— s-G— s-G— s-lin the 
special fibre, just as in iHerllt Lemma 2.5]. We know there is a unique 
weight V for G such that V^^^> = V as, M(A;)-representation. Since R{k) 
acts trivially on V and since it acts on V via the central character, we see 
that V descends to a G(A;)-representation. The uniqueness of V is even 
easier. D 

2.1.2. Smooth representations. We recall that a smooth G-representation vr 
is said to be admissible if vr is finite-dimensional for all open subgroups H 
of G. It is sufficient to verify this condition for one open pro-p subgroup H. 
An irreducible admissible G-representation vr has a central character, which 
we denote hy to^^ : Z ^ k^ . 

Any irreducible smooth if -representation factors through G{k) (as K{\) 
is pro-p); it is thus a weight. If vr is admissible, soc^^r C vr-^^-*^) is finite- 
dimensional and non-zero, so vr contains a weight V . (It is clear that even 
any smooth G-representation contains a weight.) We will also say that V is 
a weight of vr. 
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For a closed subgroup H <Z G and a smooth i?-representation a we de- 
note by Ind^ a (resp., c- Indj:^ cr) the representation that is induced (resp., 
compactly induced) from a. If H is open, then c-Ind^ a = k[G] ®k\H-\ o", so 
c-Ind^ is a left adjoint to the forgetful functor. In this case, we will denote 
by [g, x] G c-Ind^ a the element that is supported on Hg~^ and sends g~^ 
to x G (T. If P is a parabolic subgroup, then Indp is exact. (This is because 
the map G — *■ G/P has continuous sections; see |EmelOa[ Prop. 4.1.5].) 

Suppose that H \s a, compact open subgroup and that ^ is a finite- 
dimensional smooth //-representation. We define the Hecke algebra of V 
to be !Kh{V) := EndG'(c-Indj:^ y). Using the above adjunction, we can and 
usually will think of it as the A:-algebra of compactly supported functions 
(/? : G — 5- End^ y satisfying ^{high2) = hi o (p{g) o /i2 for all /ii, /12 G H, 
g & G, where the multiplication is given by convolution. Explicitly, for 
(f G !K//(y) and / G c-Ind^ V, we have 

^(/)(5)= E ^(9l)fh-')- 

Note that if vr is a smooth G-representation, "KniV) naturally acts on the 
multiplicity space IIom/f(y, vr) = IIomG'(c-Ind^ F, vr). (This is a right ac- 
tion.) Explicitly, if c/5 G 'Kniy) and f : V ^ tt is iZ-linear, then 

{f*^){v)= Yl 7~V(V5(7)^^)- 

Suppose now that F is a weight. We will usually write 'Kg{V) instead of 
"^KiV)- We will see just below that !Kg{V) is commutative. If V = 1 then 
"KciV) is the usual unramified Hecke algebra k[K\G/K]. 

2.2. The mod p Satake transform. We begin by recalling some results 
of [Herllj . Let T^ denote the submonoid of T, 

T' = {t£T : ordF{a{t)) < Va G A}, 

and let 'K:^{V^^''^) denote the subalgebra of 'Kt{V'^^''^) consisting of those 
functions ip : T ^ k that are supported on T~ . 

Theorem 2.6. Suppose that V is a weight. Then 



V> 



E ip{tu) 
u&U/U(0) 



yU{k) 



is an injective k-algebra homomorphism with image 'Krp{V'^^^^). 

In particular, "KciV) = A;[X*(T)_] is commutative and noetherian (Gor- 
dan's lemma shows that X^{T)_ is finitely generated). We recall that 
G = Y[KX{zu)K, where A ranges over X*(T)„ (refined Cartan decomposi- 
tion). Moreover, "KgO^) has a basis given by Tx for A G X^{T)_, where Tx 
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has support KX{w)K and sends \{w) to the endomorphism V -» V;va{A;) •* — 
yN-xik) ^ y (ggg g23]for the definition of Pa = MxNx). We also denote 
by Tx € 'Kt{V'^^'^') the element supported on X{zu)T{(D) that sends X{zu) to 
1. We have: 

(2.7) Sg(7a) = ^ ax{li)T^, with caC/u) G A; and aA(A) = 1. 

Here, // >m A means that /i — A is a non-negative real linear combination of 
the simple coroots. 

For z G Z we also define T^ G JiGiV) such that supp(Tj) = Kz and 
Tz{z) = idy. Thus Txi^) = Tx whenever \{w) G Z. The following formulae 
for z, zi, 22 £ -^5 -Zo S Z{0) will be useful later. 

(2.8) Tz^z2 = Tz^Tz2, Ti = 1, 

(2.9) r,o, = a;y(zo)-ir„ 

(2.10) Tz = z-^ on c-Ind| V, 

where uy '■ Z{k) -^ k^ denotes the central character of V. 

2.3. Variants of the Satake transform. Let P = MN be a standard 
parabolic subgroup. There is a "partial" Satake homomorphism '§q : 
^KciV) ^ JiMiV^^k))- It is defined by 

'§^' : JiciV) ^ :Km(%(,)) 

{/? I— *■ I m I— *■ pjy- \ ip(nm) 
\ 7V(0)\7V 

where pjy denotes the projection V -^ V'N(k)- ^^ i^ ^^^y ^o check that this 
map is well defined (just as for §g [Herllj ). We also have §q : ^ciy) — *■ 
^m(^^ ), defined in the same way as §g- 

We have a simple compatibility between '§q and §q . There is an algebra 
isomorphism "KciV) — > "KciV*) which sends ip to if' with ip'{g) = ip{g~^)* . 
(Recall that !Kg{V) is commutative.) Similarly we have an isomorphism 
^A'liV'^^''^) ^ ^A/((l^*)]v(fc))- In the following lemma we denote by §^'°^ 
the analogue of §^ that is computed with respect to P = AIN (a standard 
parabolic for $~). 

Lemma 2.11. We have the following commutative diagram,. 

^g{V) ^JiMiV"^"^) 



/qM 



^g{V*) ^— ^A./((V^*)ivw) 
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In particular '§g '■= 'Sg '^^ injective. Its image consists of those elements of 
^T((^*)[7(fc)) that are supported on T^ and is isomorphic to A;[X^,(T)_]. 

Proof. This is straightforward, noting that V^ ' ^ y is dual to V* — *■ 

We wiU see in Cor. 12.191 that S^^ and 'S^^ are actuahy the same, under 
the natural identification of V^ ' and Vjj,^^-. (at least when the derived 
subgroup of G is simply connected). This does not seem to be obvious from 
the definition. 

Proposition 2.12. The map '§q is an injective algebra homomorphism. It 



is a localisation map of integral domains. Also 'S^j = '§>M ° 'Sf^ 



The same of course also holds for S^'^ . 

Proof. It is easy to see that '§q is an algebra homomorphism (see also 
[Herllj ). A direct calculation shows that 'Sc = 'Sm ° '^g ■ Since '$g is 
injective, so is '^g ■ ^^ ^^ have fixed a uniformiser w, we can identify 
:h;t(%^0 with k[X^{T)\. By Lemma EH] the image oiJiGiV) in k[X^{T)] 



is k[X^{T)J\ and the image of JC^f (%(fc)) in k[X^{T)] is k[X^'^{T)J\, where 

X^(r)_ is the monoid of antidominant coweights for T in M. Finally note 
that k[X^{T)-\ '-^ k[X^'\T)J\ is a localisation map of integral domains: it 
suffices to invert any A G X^,(T)_ such that for a G A, (A, a) = if and 
only if a e Am- D 

Suppose now that y is a weight for G and a a smooth M-representation. 



By the Iwasawa decomposition we have (Ind-pC)!/^ = Indp, , a, so the nat- 



vasawa uecumpuBiLioii we nave yi.ii.C -^'l-- ^^ t^A 

ural map 

(2.13) HomK(l/,Ind^cT) ^ HomM(o)(^lv(fc)'^) 

f^l={v^f{vm) 

is a bijection (here v is any lift of v). Note that "KGiV) naturally acts on 
the left-hand side, and on the right-hand side via 'S^^. 

Lemma 2.14. The natural map in (12.13P is 'KG{V)-equivariant. 

Proof For ip e 'KGiV) let 93 a/ = '^cif)- We compute 

M{0)\M ^N{0)\N ^ 

= ^ ^ /((^(nm)w)(m~^n~^) 

M{0)\Mlv(0)\lV 
and 

(77^)(I;) = (/ * ^){v){\) = J2 f(.v{9)v){g-'). 

K\G 
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By the Iwasawa decomposition G = KP these two expressions are equal. D 

2.4. Various lemmas. Suppose that A G X^,(T). Let P\ = M\N\ denote 
the paraboHc subgroup of G defined by A. For the following proposition, see 
[Her 111 Prop. 3.8]. 

Proposition 2.15. Let t = \{w). Then xed{K n K^) = P\{k). 

Define Z~^j := Zm H T~ and Z^ := Zm H (T^)^^. We also need 

Z^f := {z E Zm ■■ ordF{a{z)) < Va € A - Am}- 

Lemma 2.16. Suppose P = MN is a standard parabolic subgroup. We let 
^' =NnT,^ = Mn7,^^ = Nny. Then 9 = ?"iP°y^ {in any order) . 
Moreover, conjugation by T^ contracts CP and expands 7 . 

If Hq G Z^f then the sets (T )^o for n > form a neighbourhood basis 
of the identity in N . 

By interchanging positive and negative roots we obtain similarly that 
7 = 'S'~y^'S'~^ in any order with T~ contracting y~ and expanding T"*". 

Proof. Note that iP" = iV(0), y° = M(0), and T"^ = ker(iV(0) -^ N{k)). 
For any 0-group scheme H let us write ^H{0) for ker(i:/'(0) — )• H{k)). 
Assume for now that K{1) = iI7(0)^T(0)^C/(0). It is not hard to prove 
this by an elementary argument when G = GL„,; we will justify it in general 
below. 

From our assumption, K{1) C P(0)ip(0). FromP(O) = 7V(0)M(0) and 

P(0) = M{0)N{0) it follows that K{1) C y~iP°y"*". Thus? = P(0)K(1) C 
y y y . The reverse inclusion is obvious. Thus T = CP T T . Noting that 
y normalises both 7 and f , and by using the inverse, we see that the 
order does not matter. (Moreover, it is a direct product decomposition 
because multiplication NxMxN^G is injective.) 

Let us show that T~ contracts T and expands CP . Choose root homo- 
morphisms Xa : Ga -— *■ Ua |Jan03l IL1.2]. Fix an ordering of the set of 
roots $. Note that N = H*- ^a and N = Y\^+ Ua (as 0-schemes), where 
*=^ = $± - $^^. Thus T" = Hm/- 2;a(0) and T^ = 0*+ x„(roO). The 
claim follows since txa{u)t~^ = Xa{a{t)u) for t G T{F) and u G F. 

Now fix an element /iq € Z^f . The multiplication map Yl ^a ■ 0*+ ^a -^ 
N induces an isomorphism of 0-schemes, thus also a homeomorphism Y\^+ F 
N{F). Write again T"^ = Y[^+Xa{wO), so that (iP^)* = W^+ Xa{a{t)-^wO) 
for any t E T{F). By the definitions, ordir(a(/ig)) < — n for all a E ^"^ and 

all n > 0. Thus (CP ) o for n > form a neighbourhood basis of the identity 
in N{F). 

Finally we justify that K{1) = iI7(0)^r(0)if/(0) using Bruhat-Tits the- 
ory. Fraktur letters denote the 0-group schemes defined in [BT84J . Since G 
is a reductive group over with special fibre G jp, there is a (hyper-)special 



IRREDUCIBLE MOD p REPRESENTATIONS OF A p-ADIC GL„ 13 

point X in the reduced building of G/p such that G = 0° |BT841 5.1.40]. 
We identify these two group schemes. Let / := /^ be the corresponding 
"quasi-concave" function on the set of roots |BT84l 4.6.24], so that G = 0'^. 



Now this 0-group scheme has two spht maximal tori, T and T. By [ G"'"70 



Exp. XXVI, Prop. 6.16] there is an element 7 € G{0) that conjugates T 
to T. In the generic fibre the two unipotent subgroups, Ujp and '''(iltp) 
might correspond to two different choices of positive roots. By multiplying 
7 by a suitable element of N{T){0) we can assure that U and '''il''" agree on 
the generic fibre. But then they are the same (see for example [BT84i 1.2.6]). 
By [BT8l 4.6.8] we have ^<5){0) = ^^-{Of%{Of'd+{0). Conjugating by 7 
we obtain K{1) = ^G{0) = ^U{0fT{0fU{0). D 

Lemma 2.17. Suppose that P = MN and Q = LN' are standard paraholics. 
Suppose that V is both M and L-regular. Then Pj^{kV'^^^') 7^ for k £ K 
implies k G QT. 

If StahwiV^^'^^) equals Wm {resp., Wl), we may drop the assumption 
that V be L-regular (resp., M -regular). 

Proof. It is easy to reduce to the case that the derived subgroup of G is 
simply connected, just as in [Herlll Lemma 2.5]. (Note that the statements 
we want to prove just concern the finite group G{k).) In this case V = F{y) 
for some v G Xq{T), moreover V^^^> = F{v)^ . 

We claim that for all weights /x of F{v)^ and all a G $"'' — $^ we have 
{lji,a^) > 0. We know that F^u) is the irreducible M-representation of 
highest weight v, so its weights lie in the convex hull of wu (w G Wm)- Note 
that any Wm preserves $''" — <1>|^. (Reduce to the case of a simple reflection 
Sis with /3 G $M- It preserves $m and $"^ — {/?}.) Therefore {wv.,a}') = 
{i'.,w~^a^) > for all w G Wm- If equality holds, then s^-if^{i') = v. 
Thus s^-Iq, G Wm (as V is M-regular), which implies that a G $M) a 
contradiction. The claim follows. 

By the rational Bruhat decomposition, G{k) = ]J^ \w/w Q{k)d'P{k). 
It will thus suffice to show that Pjp-{cTV^^^') 7^ for cr G W implies a G 

WlWm- By Lemma [231 we see that V = V^ ^^'> © Vbtpjjt and that these 
two subspaces are preserved by the torus T acting on V = F{v), sharing 
no common weight. (Note that p-^ is identified with F{v) — *■ F{u)j^. This 
follows, for example, since the natural surjection Vj^,^^^ —>■ F{v)j^ is an 
isomorphism, since the domain is irreducible as L(/e)-representation.) So 
there is a weight // of F{v)^ such that a^ is a weight of F{i>)j^ = F{v)^ . 
By the previous paragraph, 

(/x, a^) > Va G $+ - $|^, (a/x, /3^) > V/3 G $+ - $^. 

It follows that a{^+ - $+ ) (l<^'^yj<^l. 

We claim that there is a ti; G Wm such that aw{^^) C $^U$j^. Suppose 
there is a simple root a of M such that a [a) < 0. Then Sa preserves 
$"'" — $1^, so asai^^ — ^m) *- ^^ ^ ^L ■^liilfi (7Sa maps one fewer simple 
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root of M to a negative root. By induction we find a w G Wm such that 
aw{^~^ — $j^) C ^l'^ U <I>^ and aw maps all simple roots of M to positive 
roots. This implies the claim. 

Equivalently, w~^a~^{^~ — ^i) C <&". The same argument as in the pre- 
vious paragraph shows that there is a w' G Wl such that w~^a~^w'{^~) C 
^^. This shows that a = w'w~^ E WlWm, which completes the proof. 

To justify the final statement, suppose that Stabv^C^^ ) = Wm- Then 
YN{k) _ yUik) jg one-dimensional. (One can see this directly using the 
Bruhat decomposition; alternatively note that u G Xlj{T).) Thus if ^^(0"^^^'^^) 7^ 
then av is a weight of F{v) . Pick simple roots Oj G A with correspond- 
ing simple reflections Sj G VF such that 

V > SiV > ■ ■ ■ > Sr ■ ■ ■ S2S1I' = av. 

By Lemma [2.3l it follows that v — av G Z^l- So each ai is in $/,, hence a € 
•Sr • • • S2S1 Stabiy(i^) C WlWm- The argument in case Stably (^^^'^^) = Wl 
is similar, or follows by duality. D 

Corollary 2.18. Suppose that P = MN is a standard parabolic and that A G 
X^{T)^. Suppose thatV is M -regular, and suppose that either Stahw{V^^^') = 
Wm or that V is also Mx-regular. Let t = X{iz'). 

(i) IfTx{g)\vN(u) + then g G Kt^ . IfPw°Tx{g) + then g G VtR . 
(ii) We have §^' {Tx) = T^^ and '§>^J{Tx) = Tf . 

This generalises [HerlH Proposition 1.4]. Note that if \[w) G Z^, then 
an M-regular V is also M^-regular. 

Proof, (i) Writing g = n'tn with k', k G -ftT, we see that Tx{t)K\yN{k) 7^ 0, 
so pjv^(Ky^('')) / 0. Lemma Em shows that k G Ta • J'. By Prop. [ZTSl 
red(yA) = red(if n K^), so k e (K n K^p and g = n'tn G Kf?. 

The other part is similar, or follows by duality. 

(ii) Take any m £ M and suppose that Tx{mn)\YN{k) 7^ (some n G A^) is 
a non-zero term contributing to {§>QTx){m). By part (i) and by Lemma [2. 161 
(twice), we have 

mn G KtT nP = KtP{0) nP = P{0)tP{0) = M{0)tM{0)N{0). 

Thus m G M(0)tM(0) and n G N{0). This shows that §^ (Tx) is supported 
on M(0)tM(0) and that {§f.^Tx){t) = Tx{t)\yN(k) is a linear projection 
(which is non-zero since F^C') C y^(^)), so S^' (Tx) = Tf . The other 
statement follows similarly or by using duality. D 

Corollary 2.19. Suppose that the derived subgroup of G is simply con- 
nected. Let P = MN be a standard parabolic subgroup. Under the natural 
identification of JiM{V^^''^) and ^A/(^]v(fc)) ^^ have S^ = 'S^^. 

Proof. We first show that §g = '^G when dimT/ = 1. We will make use 
of the "Gelfand involution" on !Kg{V) (see [Herllj . end of Section 2.1). 
Let T : G ^ G denote a "transpose" involution as in |Jan03t II. 1.16]; it 
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fixes T pointwise and interchanges Ua and U^a for all a G <l>. Let '^V 
denote Hom(y, k) with G{k) acting via r. As the derived subgroup of G is 
simply connected, there is a G(A;)-linear isomorphism q -.V ^^ '^V . A linear 
map if G End^ V induces '^(f ^ Endj; V by dualising and applying q. We 
verified in [Herllj that ^f{^g) = fig) for all / G ^ciV) and all g e G. As 
dimF = 1, we have End^ V = k and thus '^(p = ip. It follows that 



SG(/)(t)= 2^ fitu)= ^ fc{tu))= ^ fiut) = '§Gifm. 

U/U{0) [7/(7(0) F(0)\C7 

Next we show that Sfj = '§>g in general. Let M be the standard Levi 
with StahwiV^^'^^) = Wm- Under the natural identification, we have by 
Cor. Em that S^(rA) = T^ = 'Sg(^a), for any A G X*(r)_. Note that 
yN^k) jg one-dimensional (for example, by the Bruhat decomposition), so 
by the above, §m = 'Sm for this weight. By transitivity, §g = '§'G- 

Finally if M is arbitrary we use that '§g = '§m ° '§g ^^^ ^G = Sa/ ° ^g ■ 
By the above we already know that §g = 'Sg and §m = 'Sm- The claim 
follows by the injectivity of the latter map. D 

Lemma 2.20. Suppose P = MN. Then G = TTK^ 

Suppose the subset X C G has finite image in 'P\G. Then there exists 
he Z]^ such that hX C TT-R. 

See also [SSOTj Lemma 12]. 

Proof. For the first claim, suppose g £ G. By the Cartan decomposition, 
there is a A G X*(r)_ such that g G KX{zu)K. By Prop. 12.151 we have 

^\KX{zu)K/K ^P{k)\G{k)/P_x{k). 

The rational Bruhat decomposition shows that g G 'PwX{w)K = 'J'(^X{w))K, 
for some w G W. Alternatively one could use the Bruhat-Tits decomposi- 
tion G = Siv(r)s. _ 

For the second claim, say X C |J ^ti/cj (finite union). We now use that 
{G,'B,N(T)) is a generalised Tits system [Iwa66t §1]. The relevant axioms 
are as follows: (i) H := N{T) n S is normal in N{T), (ii) N{T)/H is a 
semidirect product of a subgroup O and a normal subgroup W, (iii) there 
exists a generating set 5 = {wi : i G /} of W each of whose elements has 
order 2, (iv) for any a G ^W and any i G /, a'Bwi C 'Bawi'BU'Ba'B, (v) any 
element of O normalises "B. Note that H = T{0) in our case. We remark that 
it is in fact not hard to justify using Bruhat-Tits theory that {G,'B,N(T)) 
is a generalised Tits system, namely by applying |BT72t Thm. 6.5]; so S 
consists of the reflections in the walls of the chamber C corresponding to "B 
and is the stabiliser of G, as a subset of the apartment of T. 

For G = GL„ it is not hard to write down O and S explicitly [Iwa661 §2]. 

It follows easily from the above axioms that for all n' G N(T) there are 
ni, . . . , Ur G N{T) such that 

nBn' c[JBnnjB Vn G iV(r). 
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(Just write the image of n' in N{T)/H as a product of elements in S* U 17 
and induct.) Thus there are finitely many riij E N(T) such that /iStj C 



u 


'Bhriij'B for all i and for all h G Z^^. It follows using 


Lemma 12.161 that 








hniki = 


T •fh'^'^tiki (l\J'S'hnijK, 




as 


rc 


B C T. 


Writing riij 


= tijWij with tij G T and w 


ij &W we see that 



the right-hand side equals |J ■ "PhtijK. Since M(0) C CP we may replace Uj 
with any l^/^M-conjugate without changing its double coset. In this way we 
can ensure that tij is antidominant as element of M. Then it is possible to 
find an /i G Z^.j such that htij G T~ for all i, j. D 

2.5. Compatibilities between Hecke actions. Let V he a weight for M. 
Consider the following subspaces of Hecke algebras: 

^'m{V) ■■= W ■■ supp(v5) C M(0)Z~ M(0)} C :km{v), 
%{V) := {if : supp(vp) C TZ-,?} C :Kj>{V), 
JiL{V) := y : supp((/.) C ^Z^.^ C %(F). 

The following lemma shows that each of them is a (commutative) subalgebra 
and that we can naturally identify them. 

Lemma 2.21. The subspaces 'K'f^{V), K'rp{V), "KUV) are subalgebras. The 
map if ^ iflM from ■K'j,(V) to ■^'^(7) {resp., from "KLiV) to :K^^(F)) is 
an algebra isomorphism. 



See also Vigneras |Vig04[ §A.7] for the subalgebras '}i'y{V) and '^iUV). 



Proof. Clearly IK^^(y) is a subalgebra. Once we show that the two maps 
are bijective and compatible with the algebra structures, it will follow that 
the other two subspaces are subalgebras. We concentrate on the first map. 
The verification for the second map is similar or may be deduced by duality. 

The map is clearly injective. To check surjectivity, note that the T^ for 
h G Z^^ span 5{^(F). For h e Z^ define Eh : G ^ End(F) in "K'^iy) 
with support CP/iJ" and such that Eh{h) = idy. Let us check that it is 
well defined, li pih = hp2 for pi G 'P, write pi = p^p^pf according to 
the Iwahori decomposition CP = y^J'^'J'^ (Lemma 12.160 . It follows that 
Pi{p1h){ptY = ''P2ihP2)P2 in NMN, so p? = pI Thus piEh{h) = p? = 
P^ = Eh{h)p2 G End(y) and Eh is well defined. As PhV = T-(a'°/i)y+, we 
see that Eh\M = 7)f^- 

To check that the map is compatible with the algebra structures, by ([27 
it suffices to show that Eh-^ * Eh^ = -E'/ii/i2 (^j S Z^.^). We have 

■Phi'Ph2'? = 'P{hiJ'-'P°){J'+h2)'J' = '?hih2'? 
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by Lemma 12.161 and 

{Eh, * Eh,){hih2) = Yj Eh,{phi)Eh,{h^^p-^hih2). 

T/(yn''iT) 

Since T n ^i? = {''^y-)'J'°'J'+ , we may replace the index set by '?- /''^'J'- . 
To obtain a non-zero term for p € T^ we also need {h^ p~^hi)h2 € J'/i2J' = 
y-{y^h2)y^. As the product map iVxMxiV^Gis injective, p (^^^f-. 

Thus {Eh, * Eh^){hih2) = -idy. U 

Suppose that V is an M-regular weight. Consider the subspace 
'}i'a{V) ■= {^ : supp((/.) C KZl.K] C 'Kg{V). 

The following lemma shows that it is a subalgebra and that we can identify it 
with 'K'y{V^^^>) and with ^^(^(fc))- Moreover, the resulting identification 
5{^(yJV(fc)) ^ 'K'q{V) ^ J{^(%(^p is the one obtained in Lemma ^M 
(Recah that V'^^^^ ^ %(;.) is a weight for M.) 

Lemma 2.22. Assume that V is M-regular. The subspace !Kq{V) is a 
subalgebra. There is an algebra isomorphism i : 'Kq{V) —>■ 'K'rp{V^ '), 
which is characterised as follows. For any 93 E 'K'q{V) the map i {(f) is 
supported on yZ'^y and for g £ yZ'^y, i'^{ip){g) € End(y^('=)) is the 
restriction of ip{g) € End(y) to V^^''\ 

Similarly there is an algebra isomorphism i^ : !Kq{V) — *■ ^^(V^^^fc)) such 
that for any ip € !K[^(1/) the map iy{(p) is supported on "PZ^jT and for 
g G TZ^j"?, iy{tp){g) G End(l^(-^N) is induced by ip{g) € End(y). 

The resulting identification of 'K'y{V^^^>) with JiUVj^.f^s) is the one ob- 
tained in Lemma \2.21\ The resulting identification ofK^iV) with 'K'j^iV^ ') 
Kiiy-Nik)) isgivenby2>^ = '%^. 

Proof. Let ip G 'K'q{V). We verify that ^{g) induces an endomorphism of 
yN{k) fo^ g ^ "PZl^y by checking it for g = /i G Z^^. Take n G iV(0) and 
note that nip{h) = ip{h)n , where n G N{(D) since h~^ contracts A^(0) = CP^ 
(Lemma I2.16p . Thus ?((/?) is well defined. 

We now use Lemma 12.211 and its proof. Note that 'K'q{V) is spanned by 
the T\ with X{w) G Z^^. Fix such a A and let h := A(-cu). By definition, 
Tx{h) G End(l/) induces the identity map on F^-^C^). But N_x C N since 
X{w) G Z^j, so T\{h) induces the identity map on V^^ \ As a consequence, 
i^{Tx) = Eh. So Tx in ■K'(.{V) is mapped to Eh\M = T^^ = Tf in :K^^(F). 
By Cor. [238l the composite map Ji'a{V) -^ ^'m{V) is given by S^. As 
the T*'^ with \{w) G Z^ span !K'j^{V), the map is surjective. But §q is 
injective on 'Kg{V), so ^{^{V) is the inverse image under S^^ of 'K'j^,j{V), in 
particular it is a subalgebra. Moreover i is an algebra homomorphism as 
S^is. 
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The algebra isomorphism iy is obtained by duahty from i^ (interchanging 
positive and negative roots and V with V*). 

The two identifications coincide since for m € M(0)Z^, the endonior- 
phisms of y^(^) and T^ffc) induced by ip{m) are identified via V^^'^' ^^ 

After this subsection we wih no longer use the primed notation. If V is 
a weight for M, we will denote by ^{V) the isomorphic Hecke algebras of 
Lemma [2.21[ Th.us'K{V) can be thought of as subalgebraof ^Af (^)> '^'j>{V), 
and 'K7p{V). Similarly, suppose that V is an M-regular weight for G. Then 
yAf(fe) — ^ V^(^\ is a weight for M and we denote it by V. We will denote 
by ^(y) the isomorphic Hecke algebras of Lemma 12.221 Thus "KiV) can 
be thought of as subalgebra of ^g{V), ^m(V), :Kj>{V), and %(F). Note 
that '^{V) = Jiiy). There can be no confusion since M-regular weights for 
G are in natural bijection with weights for M (by Lemma l2.5p . 

We will even write Ji when it is clear from the context what V (or V) is. 

In the following proposition we will use natural maps c-Indy V^ ' —>■ 
c-Ind^ V — *■ c-Ind^ ^W(k)- They are obtained by Frobenius reciprocity from 
yAf(fc) _^ V C c-Ind|y, respectively V -^ Indf yjv(fe) ^ c-Indf F^^^). 
Alternatively, as Hecke operators they are supported on K and map the 
identity of K to the natural map V'^^^' -^ V, respectively V — *■ Vj^/f^y 

Proposition 2.23. Assume that V is M-regular. We have the following 
diagram of Hecke operators. 

c-Ind^ V^^''^ » c-Ind| V = > c-Ind^ Vj 



'(V) 



T 'N{k) 



c-Ind^ y^^'^) » c-Ind| V = > c-lndj Vjj^^^ 

For all (f € !K C "KciV) the two squares commutes. If m,oreover supp((/9) C 
KZ^~K then there are diagonal arrows making the whole diagram commute. 

Proof. First note that the horizontal map on the top left is surjective: this is 
because the map is obtained by compactly inducing the iT-linear surjection 
c-Indy V^ ' — *■ V from K to G. Similarly, the horizontal map on the top 
right is injective. 

To check commutativity, we first deal with the left half of the diagram. 
Without loss of generality, (p is supported on a single double coset KhK 
with h = \{w) G Zjy^j. By Frobenius reciprocity it suffices to check that 
the two maps around the left square agree on V^^^> C c-Indy V^^^> . A 
vector V G V^' is mapped to [l,v\ G c-Ind^ y which in turn is mapped 
to llK\KhK[9~^ ^^{9)v\ G c-Indf F under ip. If Lp{g)v 7^ then g G KhV 
by Cor. [2T8l We verify that the natural map 'y\yhy -^ K\Kh? is a 
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bijection. It is enough to show that CP n K = !P n ^ or equivalently that 
^'J>r\K = ^'J>n'J>. Now note that ^'J>r\K = {^'J>-p^'J>+ C ? by Lemma EH 
Thus we see that 

(2.24) Y. [9-\v{9>]= 5; [5~\i^M(^)t;], 

K\KhK 7\yh7 

which shows that the left square commutes. 

Now suppose that supp(99) = KhK for some h = X{vo) G Z'^f . In this 
case P_A = P- We will define the diagonal map ^ps ^ "^K^viy^y^ ) as 
follows (see ^6.11 for the notation). We let (ps agree with (/? on yhK and we 
let it vanish outside. To see that it is well defined, note that (p{h) maps V 
to y^-A(fc) = yN{k) ^^^ ^Yi&i T preserves V^^^\ We check that the top left 
triangle commutes. For v G V^ ' the arrow to the right maps it to [l,f] 
as before and (ps further maps it to ^^ZyvphKld'^ ^'■Pid)'^]- ^^ noted above, if 
ip{g)v ^ then g G Kh7. But 7hKr\Khy = 7h7 since Kr\^K <zy_x = "^ 
by Prop. 12.151 so we are done as in (|2.24p . Since the map at the top is 
surjective, the bottom triangle also commutes. 

We now dualise the left half of the diagram, in the following sense. We 
think of maps between compact inductions as Hecke operators and then 
apply the duality 99 1— *• c^' considered in ^2.31 (Strictly speaking, we also use 
this duality for maps between different compact inductions as in ^6.11 ) We 
obtain 

c-Ind^ V* . c-Ind^(y*);v(fc) 

c-Ind^ V* . c-Ind^(y*)^(fc) 

Since the natural maps V^^^' — *■ V and V* -^ {V*)N{k) are dual, the top and 
bottom maps are the natural ones. By construction of iy, i'^i'p)' = ij>{ip'). 
By replacing V by V* and by interchanging positive and negative roots, we 
obtain the right half of the diagram. D 

Corollary 2.25. Suppose that V is M-regular and that x '■ 'Km{V^^''') — *■ k 
is an algebra homomorphism. Then the maps of Prop. \2.23\ induce isomor- 
phisms 

c-Ind^ V^^^^ ^:k,x k ^ c-Ind| V 0m,x ^ ^ c-lndj Vjj^^-^ (^^^^ k, 

where "K = 'K{V) as above. 

Proof. Pick any A G X^(T)_ such that h := X{uj) e Z^' . Since T^'^T^-i = 
1, we have x{T^) / 0. Let m = ker(x), an ideal of "K. We will use that "K 
is commutative. 

The first map is clearly surjective. Let (/? = r^ G 5C; it is identified with 
T^^ so xi'f) / 0- Recall that we denoted the diagonal map corresponding 
to if on the left-hand side of the diagram in Prop. [223] by ip^. We now show 



Suppose y (^ 1 G c-Ind^ %f;.^ (g)j£,y k. Then y 01 = x{^) ^{^iv) ^ 1) 
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that ifs is 'K-linea.T. Let ^ : c-Indy y^(^) ^- c-Ind^ V denote the natural 
map, and suppose that ^ E !K C 'Kg{V)- Then 

Lp^ otp o £^ = i {(f) o z (?/;) = i (^) o i [if) = i [ip) o 995 o ^, 

and the clahn follows, since ^ is surjective. 

If / e c-Ind^ F^^'^) and {{f) O 1 = then ^(/) G m(c-Indg F). Then 

fif) = ^sm)) e (/'^(mMnd^F)) = mv?5(c-Ind|F), 

so c^(/) (g) 1 = 0. Thus / (8 1 = x('/')"n¥'(/) (8 1) = 0, so the first map is 
injective. 

comes from c-Ind^ V, by the commuting triangle on the bottom right. This 
proves that the second map is surjective. 

Suppose x (8) 1 G c-Ind^ V 0:k,x ^ maps to zero. Let r/ : c-Ind^ V — *■ 
c-Ind^ l^,^N denote the natural map. Then ri{x) G m(c-Ind^ V^^^^n), so 

r]^p{x) = ipr]{x) G m((^c-lndj %(;.)) C m7?(c-Ind| V). 

As r/ is injective, 9?(x) G m(c-Ind^ F). Finally x0l = x{f)^^{^{x)®l) = 0. 
This proves that the second map is injective. D 

3. Parabolic inductions and compact inductions 

The following theorem is inspired by work of Barthel-Livne for GL2 
(see |BL941 Thm. 25]). One aspect of the proof, namely the comparison 
of parahoric and parabolic inductions, crucially use ideas of Schneider- 
Stuhler [SS91] and Vigneras |Vig04 . See also the comment after Cor. | 



Theorem 3.1. Let P = MN be a standard parabolic in G and suppose 
that V is an M-regular weight for G. Then for any algebra homomor- 
phism X ■ -'^Af (^^ffc)) ~^ ^> there is a natural isomorphism of smooth G- 
representations, 

c-Ind| V ®^a{V),x ^ ^ Indf { c-lndjl^(o) ^lv(fc) ®^m(Vjj^^)),x ^}- 

Note that x becomes a character of "Kciy) by composing with the partial 
Satake homomorphism 'S^^ : 'Kg{V) -^ ^Af(^(fc))- 

Proof. We begin by defining maps 



(3.2) c-Indg V ^ cTndf %,,. ^ Indf (c-IndJ^^Q. V-j^ 



The map t/ is the natural one that we already used in Prop. [2^231 Explic- 

lv(/(ff)) inc-lndjy^(^). 
Gy_ . 

Cif){9)= E P''i^JiP9)]- 



itly, r] sends / G c-Indg V to g ^ PwUid)) in c-Ind^ Vjj^ 
We define C by the following formula, for / G c-Ind^ Vjr, 



P{0)\P 
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Note that P acts via M. By using that P(0) = M(0)iV(0) we see that the 
term in the sum only depends on p £ P{0)\P. We check that the sum only 
involves finitely non-zero terms. Without loss of generality / is supported 
on a single coset J'7. Since P n CP = P(0), we see that the sum involves 
at most one term. Clearly C(/) is P-equivariant and C, is G-equivariant. It 
follows that C,{f) is smooth, so ("(/) G I^'^^C^'I^^Affo) ^(fc))- Therefore C, 
is well defined. 

Let "K = "KiV) as in g231 It acts on the first term of ([SJD via 'Kg{V), 
on the second term via '^'y{yjqik)) and on the third term via JCjv/ (V^/^n). 

Step 1. Check that 77 and C, are !K-equivariant. We already checked this 
for T] in Prop. 12.231 

We introduce a useful shorthand for certain functions in Ind-pCr for any 
smooth M-representation a. For any compact open subset Q C N and any 
X € o" we write [Q,, x] for the function that is supported on PQ^^ and sends 
all ly € 0~^ to X. This function is locally constant, since N ^-s- P\G has 
open image and fi is compact open. Note that for m & M and n € N, 

m[Q,x] = ["^Q,mx], n[Q,x] = [nil,x]. 

We claim that ^([1,^]) = [^ , [Ij^]]- Clearly the left-hand side is supported 
on PT = PT . It is then an easy computation to check that both sides 
agree on 7 . 

To check that ( is ^K-equivariant, we can immediately reduce to the 
case when (p = T\ for some A € X*(T)_ with h := \{w) G Z^,j. Then 
'§^{Tx) = T^^ by Cor. [2T8l Suppose v G Vj^^j^y On the one hand, in 
c-lndj|^(0)y^(,) we have T^'{[l,v]) = [h-\v] by dnUD. Thus {'§^!{^) o 
C){[l,v]) = [y^, [h-^,v]]. On the other hand, 

= E r'h-'[T^,[l,Txih)jv]]. 

(yny'')\y 

Since {^'^f\7^ -^ {7n^^)\^ is a bijection by Lemma[2T6]and taking into 
account that T fixes v and that Tx{h) is trivial on Vj^f^j^-, (see the proof of 
Lemma |2.22|) . the sum above simplifies to 



V [j-\7>y\[h-\v]] = [y>^,[h-\-. 



{7^)h\7 



Step 2. Check that C o ?? is ^G(^)-equivariant (via partial Satake). Let 
6 : V ^ Ind^(c-Indjy^/^Qx V^^^J be the composition of F — *■ c-Ind^ V with 
C ° V- It is K-linear. Note that by definition of ( and since r/([l,f]) is 
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supported on K, 

e{v){i) = cmiMm) = [i,^([i,^])(i)] = [i,PivW]- 

Thus, in the notation of (|2.13|) . ^ € Y{orQ.M{o){yN(k)^^'^^'^M{0)^N{k)) = 
'KMiyjjiu\) is the natural map. By Lemma [2.141 6 * if = 9 * ipM, where 



ifM = '^G^- Since ^M(V^(fc)) is commutative and since the map in (j2.13p 
is natural in cr, we get that 9 * (p = (pj^i o9 = (pM ° &■ But the map in (j2.13p 
is injective, so 9 * ip = ifM ° G, as required. 

Step 3. Check that r/ ^•k,x ^ i^ ^^ isomorphism. This is the content of 
Cor. [2:251 

Step 4- Check that ( <8>j{,5^ k is surjective. 

Fix any non-zero v € Vjj,j^y We claim that ^([1,^]) ^ 1 = [? , [^,v]] '^ 1 
generates Ind^(c-Indjy^/QN V-j^,i.^)<S>:k,x'^- Pick /iq E Z^_f and let xq = [l,t^] G 
c-Indj}f(o)Fjv(fc)- Since 



-p(c-Ind^^(g) '']V(A:)^ 



it is enough to show that [CP , /iqXo] (n G Z) generate Ind^(c-Ind^^/g\ Vj 



Note that the smooth M-representation a := c-Indj^^^/Q) ^(^) is generated 
by xq. (This is the only property of a that we will use.) We want to show 
that any / € Ind-pO" is contained in the G-representation generated by the 

[IP , /iq xq] for n G Z. By writing P\G as a (finite) disjoint union of compact 
open subsets, each of which is contained in a G-translate of P\PN, we can 
reduce to the case that supp(/) C PN. Since /[at is locally constant and 
compactly supported, we can moreover assume that / = [il,x], for some 
compact open subset Q C N and x G a. We can write x = J2i -^i^-i^^o as 
finite linear combination with Aj (z k, rrii (z M, so 

f = J2^^mi[n"'\xo]. 

i 

Thus we may assume that / = [r2,xo], for some compact open 0, C N. By 
Lemma [2. 161 there is an n » such that Q = \J- Uj ■ (y )^o ^ a finite disjoint 
union with Vj G N. Therefore 



j j 

which completes the argument. 

Step 5. Check that ( ®:k,x ^ is injective. 

Let /' G c-Ind^ ^N(k) ^^^^ *^^* Cif) (8) 1 = 0. We need to show that 
/' (8> 1 = 0. Note that for h G Z^j we have supp{Ehf') C J'/isupp(/') since 
Eh is supported on ThT. (Recall that E^ G Ji was defined in the proof of 
Lemma l2.21[ It is identified with Tff .) Thus by Lemma 12.201 there is an 



IRREDUCIBLE MOD p REPRESENTATIONS OF A p-ADIC GL„ 23 

h e Z^.^ such that svcpviEhf) C ^T-R. Since Ehf 1 = x(^h)(/' «> 1) 
and x{Eh) = x(T^^) ^ 0, we may assume that supp(/') C 'J'T~K. 

Lemma Em shows that for t € T", *(?") C iP~ and (y^)* C T^. Thus 
for h G Z^j and t £ T' , ThTtK = ?{hT'T°){?^t)K C ^htK. We can 
write /' = Yll=i f'i such that supp(/j') = 'J't'jki (t'- € T^, ki € K). Since any 
element of Zm can be written in the form h'h~^ for h', h E Z^, we can find 
/ij S Zj^^ and Tj E r(0) such that Tihit[ = Tjhjt', whenever T((D)ZMt'^ = 
T{0)ZMt'y Let fi = xiEhX'EhJl, / = Ei h, and U = nhit', G T". Then 
/' (g) 1 = / (g) 1, moreover supp(/i) C yUK (as T(0) C ?) and 

(3.3) ij = tj whenever T{0)ZM'ti = T{0)ZMtj- 

We can now write fi = J2 fij (finite sum) such that supp(/jj) = 7tikij for 
some kij € K. By combining those fij that have identical support, we may 
assume moreover: 

(3.4) the sets Ttikij are pairwise disjoint. 

We now show that / = 0. In fact we show that /|yp = 0, but all our 
conditions on / are invariant under X, so / = since yPK = G. (When 
we replace / by kf for some k £ K, then tj is unchanged and kij is replaced 
by kijk-'^. Also note that ({kf) 01 = kC{f) 1 = 0.) 

All we will use is that the image of C(/)(l) in c-Indj^^^^Qx T^/^^ 0:k,x 
k is zero. Let us show that this latter space is naturally isomorphic to 
c-lnd^f^Q^ZM ^N{k)- We let Zm act on Fj^^^^ by declaring that hv = xiTJ^-iP 
for h G Zm and v G ^(fc)- This is compatible with the M(0)-action: 
for ho G Zm{0), T^U = ^{ho)Tf = Lo{ho) by (gSD and ([23]), where 
oj : ZM{k) -^ k^ is the central character of Vj^,^y so x{T!^i) = ^{ho). 
The map 

c-Ind^(g) ^(fc) -^ c-IndAj(o)^^^ ^-N{k) 
is the obvious one induced by Frobenius reciprocity. It sends [m,U] to 
[ra^v]zf^i., where the subscript is used to distinguish between the two in- 
duced representations. In particular it is surjective. For h G Zm it sends 
T^^[ m,v\ = h-^[m,v] to [h'^m,v]zM = [m,h-^v]zM = x{Th^)[m,v]zM- 
(See ()2.10p for the first identity.) The induced map 

(3.5) c-Indj^(o) 15v(fc) 0ji,^ k -^ c-Indfj^Q^z,, ^N(k) 

is injective: we can lift any element in the kernel to one of the form ^ [nii , Vi] G 
c-Ind^/Q^ Vjj:,i^., where the rrij lie in distinct M(0)ZA/-cosets. By consider- 
ing its image on the right-hand side we see that all Vi are zero. 

Since C(/)(l) (^ 1 depends only on f\rpp, we will assume from now on that 
/ is supported on TP = 9^ P. Thus % G (iP~^)*» ■PnK = (y^)*» • P(0) 
for all i. Thus we may assume that kij G P{0) = T CP without changing 
"Ptikij. Since ti G T~ shrinks T we may even assume that kij £ T = 
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M(0). Let us write fij = [k:^^tr'^,Vij]. As kr^^tr^ G M, we see that 
C(/jj)(l) (8) 1 = [^j^^ij~\^ij]zAi- By showing that M{0)ZMtikij are pairwise 
disjoint we wih deduce from C(/)(l) (8) 1 = that Uj^ = for ah i, which will 
complete the argument. Thus suppose that M{0)htikij = M{0)trkrs for 
some h G Zm- Note that ZmT~ is the antidominant part of T with respect 
to M. Thus by the Cartan decomposition for M we have T{0)hti = T{0)tr, 
so by ()3.3p it follows that ti = tr and hence that h € Z^/(0). Therefore 
M{0)tikij = M{(D)trkrs which implies Ttikij = Ttrkrs, so by (j3.4p we see 
that {i,j) = {r,s) and we are done. 

Step 6. We showed that {Q o rf) ®'k,x k is an ^G'(y)-linear isomorphism 
(as 'Kciy) commutative). By tensoring over "KciV) with x we see that 
(C o ^) ®'Kc{V),x ^ ^^ ^'^ isomorphism. The target of that isomorphism is 
isomorphic to Indg(c-Indj{^(o) y^(^)) (8jcM(V5v(fe)),x ^' ^^^^ '^G ■ ^g(^) "-^ 
^A/(^(fc)) is a localisation map. Since ^M(^(fc)) is noetherian, we can 
pick a finite generating set c/?i, . . . , 99^ of the ideal ker %. We have an exact 
sequence 

As Ind-p is exact, we deduce that Ind^(c-Ind^^/g-i V^/j^,-,) '^■^^^(y— )-^ k is 
isomorphic to Ind^(c-IndjJ^(Q-) V^^^n ^-x^j^y— \^y^ k). This completes the 
proof. D 

We record the following corollary to the proof. 

Corollary 3.6. Suppose that V is a weight for M and that xm '■ Zm -^ k^ 
such that Xm\zm(0) ^^ ^^^ central character ofV. Then there is an algebra 
homomorphism x '■ ^ ^ k such that xiT^^) = XM{h)~^ for all h G Z^j and 
we have 

c-Indf F ®j,,^ k ^ Indg(c-Ind]}^(o)^^^ V). 

On the right-hand side we let h G Zm act on V by XM{h). 

Proof. This isomorphism was obtained in the above proof, in case V is of 
the form V^/j^.-,, where V is M-regular, and x is the restriction of an algebra 

homomorphism ^Af (^^(-^0 -^ k. But it did not matter that V was of that 
form. (It is anyway, by Lemma |2.5[ ) Moreover, by Prop. UTT] and Cor. 14.21 
(or directly) the pair {M,xm) gives rise to x '■ ^Af(^) — *■ k such that 
xiTi') = XMih)-^ for h G Z],j. D 

If G = GL„ and P = B is the Borel, this recovers the results of Schneider- 
Stuhler jSSOTl Prop. 11] {x = 1) and Vigneras [Vig04', Thm. 4.10] (x arbi- 
trary). In those cases the right-hand side simplifies to the principal series 
Ind§(xT). 
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4. HeCKE EIGENVALUES AND SUPERSINGULARITY 

The following proposition allows one to compare Hecke eigenvalues be- 
tween different weights. It is analogous to the classical result parameterising 
unramified Hecke eigenvalues by unramified characters of the torus [Car79t 
Cor. 4.2]. It will be convenient to define a standard Levi to be the unique 
Levi subgroup containing T of a standard parabolic subgroup. 

Proposition 4.1. There is a natural bijection between x £ Honi^_jj; (^G(y), k) 
and pairs (M, xm), where M is a standard Levi and xm '■ Zm -^ k^ a char- 
acter such that Xm\zm(0) ^-^ ^^^ central character ofV-j^fj^y 

Given such a pair {M,xm) the corresponding set of eigenvalues is the 
composite of algebra homomorphisms 

where x'iv) = Ezm(o)\Zm 'P(^)xm{z)^^ . 

We will say in the following that x ^ Honi^,^^^ (IKG(y), k) is parameterised 
by the pair (M, xm) if they correspond under the bijection in the proposition. 
Suppose now that (M, xm) consists of a standard Levi M and an arbitrary 
smooth character xm '■ ^M -^ k^ . Then there may be more than one weight 
V such that the central character of VJ^^|^^ equals Xm\zm(0)'^ ^^ ^^^h one we 
obtain a corresponding algebra homomorphism ^iciV) — *■ k. In ^we will 
see that if G = GL„ and vr is an irreducible admissible G-representation, 
then all Hecke eigenvalues in all weights of vr are identified in this manner. 

We will see below that M is in fact the smallest standard Levi such that x 
factors through '§q : !Kg{V) — *■ ^M(^(fc)) (as an algebra homomorphism). 
We have the following immediate consequence. 



Corollary 4.2. In the situation of Prop. \4-l\ we have for X € X*(T)_, 

'C^ \ ^ MAf(A(tu))"^ if X{w) £ Zm, 
1 otherwise. 

Given x £ Homj_g^i (^(^(y), k) we can consider its Satake transform x' S 
B.om.^_^^ {'K^{Vjj,j^^^),k). We will say that x' vanishes on an open subset 
X C T~ if x' vanishes on all elements of ^^(^ffc')) that are supported on 
X. Then x' has a well-defined support, namely the complement in T~ of the 
biggest open subset on which it vanishes. It has the following alternative 
description: under the isomorphism T^/T(0) — > X*(T)_ it corresponds to 
a subset of X^,(T)_. And this is precisely the subset of X*(T)_ on which 
x' '. k[X^:(T)-] — > fc is non- vanishing. 

Lemma 4.3. Suppose P = MN is a standard parabolic. A k-algebra ho- 
momorphism X '■ ^g(^) — *■ k factors through '§>q if and only i/suppx' 15 
ZmT{0). 
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Proof. As we noted in the proof of Prop. 12.121 ^Af (^(fc)) is the locahsation 
of Jic{V) at any element 99 such that the support of '§g{^) is a single r(0)- 
coset in Z^f . If suppx' 3 ^m^(O) ^^^"^ x{^) = x'i'S'Gi^)) + and so x 
factors through "Ku^jqa^^- 

Conversely, if x factors through %q , then x' extends to the subalgebra of 
^r(V^(fc)) consisting of those elements whose support in T is antidominant 
for M. Since ZmT{0) is a subgroup of T that is contained in the part of T 
that is antidominant for M, it follows that suppx' ^ ■^m-^(^)- '— ' 

Proof of Proposition [7T7| By the proof of Cor. 1.5 in [Herllj . suppx' is of 
the form Z^T(O) for some standard parabolic P = MN. We will show that 
algebra homomorphisms x with suppx' = Z^jT{0) biject with characters 
XM '■ Zm -^ k^ such that Xm\zm{0) is the central character of Vj^ff^)- By 
Lemma 14.31 x factors through an algebra homomorphism x ■ -^Af (^^f^)) — *■ 
k. It is not hard to verify that x' has support ZmT{0). Thus by replacing 
(M, Vj^rj^YX) by {G, V, x), we are reduced to the case suppx' = ZT{0). 

Let us write ^7^(l%(fc)) = ^ © J, where "K (resp., J) consists of those ele- 
ments if whose support is contained in ZT{0) (resp., disjoint from ZT{0)). 
Clearly 3f is a subalgebra and J is an ideal, so the x' with support ZT{0) 
biject with Hom^_3^j (?{, A:). By restricting functions to Z, [K is isomorphic 
to 

{if : Z ^ k : (p{zQz) = uj{zq)ip{z) Vzq G Z{^),z £ Z; snpp ip cpt.} 

(as algebra under convolution), where oj is the central character of V. The 
linear dual of this space consists of all functions f : Z ^ k such that 
f{zoz) = uj{zo)~'^f{z) under the pairing {ip, f) = Ez(0)\z ¥'(^)/(^)- ^ 
simple argument shows that the linear map "K ^f k induced by / is an 
algebra homomorphism if and only if / is a homomorphism Z ^ k^ . Finally 
we take the inverse of this homomorphism. D 

Lemma 4.4. Suppose that tt is a smooth G -representation that has a central 
character cOn- Suppose that V is a weight and that x '■ ^g(^) —* k is a 
set of Hecke eigenvalues on Homi<-(y, vr). If x is parameterised by the pair 
(M, xm), then xm\z = ^n- 

Proof. It is enough to show that Xm{z) = cu-k{z) for all z of the form X{w) G 
Z. First, note that 'Sg(Tx) = t\: this follows, for example, directly from 
the definition of '§g or from ([22]). By Cor.Sa xiTx) = xg{z)~^- Finally, 
consider the induced G-linear map c-Ind^ V ^ tt. It follows from (I2.10p 
that x{Tx) = u^{z)-\ D 

Lemma 4.5. Suppose that P = MN is a standard parabolic and that a is 
an admissible M -representation. Suppose that V is a weight for G. Then 
the Hecke eigenvalues of V in Ind^ a and of ^(^\ in a are parameterised 
by the same set of pairs {L,xl)- In particular, L <Z M in each case. 
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Proof. By Lemma [2.141 the possible ^G(I^)-eigenvalues in Homx(V^, Ind-p a) 
are obtained from the possible !KM(l^(fc))-eigenvalues in HomA,/(o)(V^/^-), o") 
by composing with 'S^. By construction, the pair associated to x '■ ^Af (^(fc)] 
k is the same as the pair associated to x ° '^g ■ '— ' 

Lemma 4.6. Suppose that it is a smooth G -representation and that f € 
Hom;^(y, tt) is an 'KG(y)-eigenvector. Suppose that rj : G ^ k^ is a smooth 
character. If the Hecke eigenvalues of f are parameterised by {M,xm), then 
the Hecke eigenvalues of f ^ r] are parameterised by {M,xmii\zm)- 

Proof. Since c-Ind^(y (^rj) = c-Ind^ V (^rj, we have a natural isomorphism 
^g(^) —^ ^g{^ (8) r/), (/? I— s- ifff, under which the Hecke eigenvalues of 
/ and f ® r] are identified. A calculation shows that (friig) = '^{g)'-p{9) 
when we canonically identify Endy and End(y O rf), which implies that 
'§Gi^r]){t) = ^(*)'Sg('/^)(0- (Note that r] is trivial on U, as it kills all pro-p 
subgroups.) The claim now follows from the formula for x' in Prop. HTTl D 

Finally we define what it means for an irreducible admissible representa- 
tion TT to be supersingular. Roughly speaking, all Hecke eigenvalues occur- 
ring in vr should be as trivial as possible. We fixed a hyperspecial maximal 
compact subgroup K of G{F) at the beginning, but our definition should be 
independent of this choice and we should take into account all of them. (We 
thank M.-F. Vigneras for this observation.) When G = GL„ all hyperspecial 
maximal compact subgroups of G{F) are conjugate and we can just work 
with our fixed choice of K. 

Suppose the reductive group scheme G',q is another reductive integral 
structure of G/p. Fix a maximal split torus T' of G' and a Borel sub- 
group B' containing T'. Let K' = G'(0). We claim that if K and K' are 
G(i^)-conjugate, then even {K,T,B) and {K',T' ,B') are G(F)-conjugate. 
Without loss of generality we may assume that K = K' . By [Tit 791 3.8.1], 
|BT84i II.5.1.40] reductive integral structures of G/p are naturally in bijec- 
tion with hyperspecial points of the reduced building. In this bijection G 
corresponds to the unique fixed point of G(0) in the reduced building. Thus 
G = G' . Now by the same argument that was used towards the end of the 
proof of Lemma l2. 161 there is an element of G(0) that conjugates (T, B) to 
{T',B'). 

A K' -weight is an irreducible representation V' of G'{k), or equivalently 
of K'. (Hence a i('-weight is a weight.) We denote the corresponding Hecke 
algebra by "Kg^k'^V') to emphasise the dependence on K'. 

Definition 4.7. Let vr be an irreducible admissible representation. We say 
that TT is supersingular if for all triples {K',T' ,B') as above, for all K'- 
weights V and for all Hecke eigenvalues x' on Hom^/(y,7r) the following 
equivalent conditions hold. 

(i) x' is parameterised by the pair (GjUt^). 
(ii) x' is parameterised by a pair {G,xg) for some XG : Z —*k^ 



-X 
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(iii) x' does not factor through 'S^^' : 'KcK'iV') -^ !Kj,,^, a//(o)(^^(^P 
for any proper parabolic P' = M'N' containing B' . 

Note that the first two conditions are equivalent by Lemma 14.41 and the 
last two conditions are equivalent by Lemma 14.31 and the proof of Prop. 14.11 

It is easy to see that in this definition, the triple {K' , T', B') only matters 
up to G(F)-conjugacy. Thus we only need to let K' run through a set 
of representatives for the finitely many conjugacy classes of hyperspecial 
maximal compact subgroups in G{F) (and choose compatible T', B' for 
each) . 

Suppose now that G = GL„. By the above, the super singularity condition 
has to be checked only for our fixed choice {K,T,B). Even better, as a 
corollary to our main results we will see that it has to be checked only for 
one weight V and for one x- (See Cor. 19.101 ) Moreover super singularity can 
be characterised using parabolic inductions. (See Cor. 19.131 ) 

5. Computing the Satake transform 

In this section we determine the inverse of the mod p Satake transform 
explicitly. We deduce this from the corresponding result over the complex 
numbers, the Lusztig-Kato formula. The final result has a very simple 
shape: since q = Omk, only the constant terms of the intervening Kazhdan- 
Lusztig polynomials matter. 

If M is a standard Levi, we will denote by >m the usual partial order on 
X^(T) with respect to M, i.e., A >m M means that A — /i is a non-negative 
integral linear combination of the simple coroots of M. We also write > for 
>G. 

Proposition 5.1. Suppose that the derived subgroup of G is simply con- 
nected. Let V be a weight. Let M be the standard Levi subgroup such that 
StahwiV^^'''') = Wm- Then for all fi£X,{T)^, 

AeX,(T)_ 

The assumption on G should be unnecessary. 

Proof. We can easily reduce to the case when M = G by Cor. 12.18( 11). Just 
note that if A G X*(T) is antidominant for M and A >m fJ-, then A € X*(T)_. 
(The point is that (a^,/3) < for all a, /3 e A.) 

Next we will reduce to the case when V is the trivial weight, by showing 
that the coefficients of §g(Tx) in the basis {t^)^ do not depend on V. Since 
the derived subgroup of G is simply connected, we can write V = F[v) 
for some (^-restricted weight v. We have v G X^{T) since Stabpi/(z^) = W . 
The dual Weyl module Hl{v) (see |.Tann31 §11.8]) of Gjq of highest weight 
V is free of rank one (for example by the Weyl character formula [Jan03| 
Prop. II. 5. 10]). In particular there is a character V : G ^ F^ that agrees 
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with 1/ on T and whose reduction modulo w is the one-dimensional represen- 
tation V. (Note that ^{K) C 0^, as K = G(0) is compact. Alternatively 
we could obtain v using the isogeny of F-tori T — *■ G/G' , where G' is the 
derived subgroup of G.) Let A, // G X*(r)_ and put t := A(ct), t' := ^{w). 
For g = kitk2 G KtK we see that Tx{g) = kik2 G End^,(y) = k, i.e., 
Tx{g) = V{g)'P{t)~^ G k^ . Now we follow a standard argument (e.g., |Gro98t 
§3]). By the Iwasawa decomposition we can write KtK = Yil^i UuiK with 
ti = Xi{'w), Xi G X*(T), Ui G U. Then tiUiK nt'U 7^ if and only if Aj = /i, 
in which case the intersection equals t'uiU{0). Thus the coefficient of r^ in 
Sg(Ta) equals 

^ rA(t'n,) = #{i : Ai = /i} • ^(FMiF^ = #{^ : A, = /i}, 

where the last equality follows since fj, >m. A if KtK n t'U ^ [HerlH 
Lemma 3.6] and thus u{t't~^) = w^'^'^^ ' = 1. It is therefore indeed inde- 
pendent of z^ G x°(r). 

We now prove the proposition in case V is trivial. Recall the Lusztig- 
Kato formula [H KPTOl Thm. 7.8.1] (see also |Gro98[ §4]). This is an identity 
in Z[g^",g~^'^][X,,(T)] which, when the variable q^''^ is specialised to a 
complex square root oi q = #k, gives the following in C[X*(T)]: 

chV, = Y^q-^^'''^P^,,^^{q)ll,^^^^. 
X<fi 

Here A, fj, denote any dominant coweights, V^ is the irreducible complex 
representation of highest weight fi of the dual group, p is the half-sum of all 
positive roots, w\ is the element A • t^o in the extended affine Weyl group 
W = X^:{T)yiW, where wq is the longest Weyl element, and l^Afroli^ denotes 
the classical (i.e., normalised) Satake transform of the characteristic function 
of KX{w)K. Besides, for any elements w < w' in W, Pw,w'{<l) G 1 + q'^[q] 
denotes the corresponding Kazhdan-Lusztig polynomial. We remark that 
A < /x if and only if w\ < w^ in W. 

For any //' G X^{T) take the coefficient of fi' in the above formula and 
rescale: 

g(M-0M',P>dimy^(/i') = 5^P»„.,((?) Y. ^KXi^)K{f-i'{^)u). 

A</i U/U{0) 

Here Vfj,{fi') denotes the /x'-weight space in F^. Also note that S^ {jx'{vd)) = 
q{wo^i ,p) £qj. i^j^g modulus character of B. 

Consider the left-hand side. We have V"^(/u') = unless wolJ- < /x' < /x. If 
these inequalities hold, then {n — wofi', p) > with equality if and only if 
/x = wqp'. Therefore we may reduce both sides modulo p and obtain 
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noting again that the Kazhdan-Lusztig polynomials have constant coeffi- 
cient 1. Finally we interchange A with wqA and fi with wofi. D 



6. Maps between compact inductions 

6.1. Generalities. Suppose that we are given compact open subgroups Hi 
of G and finite-dimensional smooth ffj-representations Vi {i = 1, 2). We 
define 

^H^Myi^V2) := HomG(c-Indg^ Vi,c-Indg^ V2). 

If moreover V3 is a finite-dimensional smooth representation of a compact 
open subgroup -^3, we have a natural bilinear map given by composition 

(6.1) JiH,My2,vs) X jiHuHAVi^v2) ^ ^HuHs{yi^y^)- 

In particular ^^1,^2(^15 ^2) is a Hecke bimodule, with !Khi{Vi) acting on 
the right and ^112(^2) acting on the left. 

By Frobenius reciprocity, ^_h'i,_h'2(^1i ^2) is isomorphic to Homii/^(T/i,c-Indj|^2 ^2) 
and thus, by thinking of it inside the space of functions on G x Vi ^- V2, to 

{93 : G — )■ IIom^(Vi, V2) '■ supp(/? compact, 

(/7(/i2g/ii) = /i2 o 95(5) ° hi Mhi £ Hi,g £ G}. 

In this language the composition (j6.ip is given by convolution: {ip' * (p){g) = 
J2G/H2'P'(9x)ip{x-^). 

If Hi = H2 = K and the Vi are weights, we just write !Kg(Vi,V2) for 

^K,K{yi^y2). 

Proposition 6.2. Suppose that V\, V2 <ire two weights. Then ^g(^I)^) 
is non-zero if and only ifVi=V2as T{k) -representations. 

If this is satisfied, the Hecke algebras !Kg(Vi) and 'Kg{V2) can naturally 
be identified via §g- Under this identification the actions of the two Hecke 
algebras on ^g(^1)^2) agree. If moreover the centre of G is connected and 
the derived subgroup of G is simply connected then ^g(^1)^2) is a free 
module of rank one under 'Kg{Vi) — 3^0(^2). 

This follows immediately from the following proposition and its proof. 

Proposition 6.3. Suppose that V\, V2 are two weights. The Satake trans- 
form 

^g--^g{Vi,V2)^^t{V^^'\v^^'^) 



99 h- s- I t h- )• \^ ip{tu) 
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is injective. The transform is compatible with compositions: 



(6.4) Sg 



§G 



Sg 



Uik)s 



If V^ = V2 as T{k) -representation, G has connected centre, and the 
derived subgroup of G is simply connected, the image of §>g is a free module 
of rank one under the compatible actions ofK^lV^ ) = ;K^(V^ ). 

Proof. That the transform is weh defined and compatible with compositions 
is formal using the Iwasawa decomposition and follows exactly the same 
steps as in the case when Vi = V2 (see [Herll] ). 

Suppose X € X^{T)_. By Step 1 of the proof of [Her 111 Thm. 1.2], we 
see that the vector space of (/J G JiciVi, V2) that are supported on K\{w)K 
is one-dimensional if V^ ^ = V^ ^ as M;y(/c)-representations and zero 
otherwise. Since N_\{k) C U{k) it follows that ^g(^1)^2) 7^ implies 
V-^ =¥2 as T(A;)-representation. To see the converse, suppose V^^ = 

V2 and choose any A € X*(T)_ such that (A, a) < for all a G A. Then 
N-\ = U, so that there exists a non-zero Hecke operator supported on 
KX{w)K. 

We pick (^ 7^ in 'Kg{Vi,V2) and show that §g{v) is non-zero. Sup- 
pose first that if is supported on KX{zu)K for some A € X^.(T)_. For 
/i G X*(T) the same argument as in Step 3 of [Herllt Thm. 1.2] shows that 
§G{v')if^{''^)) ¥" implies fi >m. X and that SG((/3)(A(ti7)) 7^ 0. For gen- 
eral (f, picking a minimal A € X=k(T)_ for >]r such that if is non-zero on 
KX{w)K, we see that §G{f){'^{''^)) ¥" 0- Thus §g is injective. (This gives 
an alternative proof that ^g{Vi,V2) = unless V^^''^ ^ V^'^'^K) 

Let us now assume that V^ = V2 and that G has connected centre 
and simply connected derived subgroup. We first show that there is a Aq G 
X*(r)_ such that there is a non-zero f G CKg(Vi, V2) supported on KX{w)K 
if and only if A — Aq € X*(T)_. We can write Vi = F{h'i) with fj q-restricted. 
As y^^^''^ ^ V^^''\ we have ui - U2 e {q - 1)X*{T). There is a non-zero 

if G :Kg{Vi, V2) supported on KX{w)K if and only if V^~^^'''^ ^ ¥2'^^^^^ if 
and only if {ui — V2^oi) =0 for all roots a of M\, i.e., for all a € $ such 
that (A, a) = (the last step uses [Her 111 Lemma 2.5] and Prop. 1.3 in the 
appendix of [Her09j ) . Since the centre of G is connected we may choose 
Ao € X=k(T)_ such that for all simple roots a, (Aq, a) = if {v\ — V2, a) = 
and (Ao,a) = —1 otherwise. This clearly satisfies the desired property. 

We can canonically identify ViT^x ), ^t(^ ) and we denote them 
simply by 'Kt- By Thm. [2?6l and (16. 4p we see that CK^ preserves the image of 
%G- Choose 990 £ ^g(^1)^2) that is non-zero and supported on KXq{vd)K. 
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We show below that !K^§g{^o) = im(SG)- Since !Kt — k[X:^{T)] is an 
integral domain, this completes the proof. 

Claim: For all A E Aq + X*(T)_ there is a ipx G "K^Sci^o) such that for 
all /i G Ao + X*(T)_, ipx{fi{w)) 7^ if and only if /i = A. 

We prove the claim by induction with respect to >k, noting that {fi G 
X^,(r)„ : /i >R A} is finite. Consider Tx^Xo^cifo) ^ ^-^§0(920)- By the 
above this is zero on fi{w) unless /i >« A and non-zero on X{w). If there 
is no n >R A in Aq + X*(T)_ we are done. Otherwise by induction we can 
subtract off multiples of Tp^ for such /i to find a ipx ■ 

Finally given ip G im(SG), by the claim we can subtract off multiples of 
the ipx € ^T^Giv'o) to assume without loss of generality that ijj{X{w)) = 
for all A G Ao + X,,(T)_. Then the above argument for the injectivity of §g 
shows that ^ = 0. D 

Corollary 6.5. Suppose V is a weight. Then c-Ind^ V is a torsion-free 
'Kg{V) -module. 

Proof. If c-Ind^ V has torsion, there is a non-zero cp : c-Ind;^ V — *■ c-Indj^ V 
in "KGiV) that has non-zero kernel. As a non-zero smooth G-representation, 
the kernel has to contain a weight V'. By Frobenius reciprocity we get a 
non-zero map c-Ind^ V' —>■ c-Ind^ V whose composite with (p is zero. More 
generally suppose that a composite of non-zero maps (pi : c-Ind;^ Vi — *■ 
c-Indg V2 and ip2 ■ c-Ind^ V2 -^ c-Ind| V3 is zero. By Prop. E2l the T{k)- 
representations V^ , V2 , and Vg are isomorphic, and we identify 
them (non-canonically) . Then for all i, j the bimodules ^t(^ ) K- ) 

are all naturally identified with the integral domain "KTiV^ ) such that 
moreover for any triple {i,j,k) the bimodule multiplication corresponds to 
the ring multiplication. Since §g{V2) * S'cifi) = and §g is injective, one 
of (fi, ip2 has to be zero. D 

6.2. The minuscule case. Let V, V denote distinct weights such that 
yUik) ^ (V')^^'''. As we just saw, in this case we can identify "KGiV) and 
^g(^')) ^-^d we will denote them simply by "Kg- The goal of this subsection 
is to find an explicit criterion when 

(6.6) c-Ind| V (E)%a,x ^ - c-Ind^ V' (S)%a,x ^' 

in case V and V differ only minimally (in the sense that V^^'^' = (^V')^^^' as 
M(A;)-representations for some maximal parabolic P = MN) and provided 
there exists a corresponding minuscule fundamental coweight. We remark 
that when G = GL„, any simple root admits a minuscule fundamental 
coweight. 

An isomorphism as in (16. 6p is extremely useful because it allows us to 
"change the weight" in a smooth G-representation tt. The point is that 
HomG'(c-Ind^ V ®-Ka,x kjir) ^ is equivalent to saying that V occurs in vr 
with Hecke eigenvalues x- So if (|6.6p holds and V occurs in it with Hecke 
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eigenvalues Xi then V' occurs in tt with Hecke eigenvalues x- The results in 
this subsection will play a key role in the proofs of Theorems 18.11 and 19. 81 

Suppose that G has simply connected derived subgroup. This implies 
that simple coroots possess fundamental weights. Fix a simple root a. We 
denote by Wq, a fundamental weight for a^, i.e., {0^ ,uja) = (5«/3 for all simple 
roots /?. We make the following assumption. 

There exists a minuscule fundamental coweight —A associated to a. 

Recall that this means that (— A, /3) = Sa/s for /3 G A and (—A, 7) € {0, 1} 
for all 7 G $+. In particular, A G X*(r)_. 

Suppose that 1/ is a g-restricted weight satisfying (z^, a^) = 0. We let 
u' := i^ + {q — l)i^a (again g-restricted) and define weights V := F{y), 
V' := F{v'). Note that V^'^^'i ^ {V'f^^^ as r(/c)-representations. There 
exist Hecke operators c^^ G 'Kg{V,V') and ip~^ G "KciV'^V) whose support 
is K\{w)K. (In fact A is precisely a possible Aq in the proof of Prop. 16. 3[ ) 

Proposition 6.7. With the above notation, Sg((/3^ *V\) ^ '■^t ^^-^ support 
\{vDfT{0) U \{wfa^{w)T{0). The values at X{wf and \{wfa^{w) add 
to zero. 

Proof. We first compute (p~^ * if~^ G "KciV). Let t = \{m). 

Sublemma 6.8. As —X is minuscule, we have K n ^K = red^ {P^\{k)). 

Note that this is elementary when G = GL„. 

Proof of Sublemma 1 6. <gl By Prop. 12.151 we know that the left-hand side is 
contained in the right-hand side. We can rewrite the right-hand side by 
Lemma 12.161 as 

N^x{0)Mx{0)keT{Nx{0) ^ Nx{k)). 

Since t G Z{Mx), we see that AfA(O) C K n*K. Lemma [236] shows that 
t-i contracts A^_a(0) so that N_xlo) C Kn^K. 

Fix an order on the set of roots a such that (A, a) > 0. Multiplication 
induces an isomorphism n(Aa)>o ^" — ^ -^A |Jan03[ 11.1.7(1)]. Moreover we 
choose root homomorphisms Xa : G^ ^~>- Ua |Jan031 II. 1.2]. An element of 
Nx{0) can then be expressed uniquely as Y\/x a)>o ^a{ua) with Ua G 0. If its 
reduction is trivial in Nx{k) then Ua G zuO for all a. Then t~^ Y\ Xa{ua)t = 
Yl Xa{a{t~^)ua), and this is contained in K as (A, a) = 1 whenever (A, q) > 
(as -A minuscule). It follows that ker(7VA(0) -^ Nxik)) C Kn^K. D 

For each w (z W choose a representative w G N{T){0). It follows from 
the sublemma that 

K/{Kn'K)^G{k)/P-x{k)= H U{k)wP^x{k)/P^x{k), 

W/Wx 

where we used the rational Bruhat decomposition in the last step and where 
Wx denotes Wm^ = StabvK(A). Therefore KtK = (Jvi/ U{0)wtK. 
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We claim that the support of (/9^ * c/?^ is Kt^K. Let A' € X^{T)^ and let 
t' = X'{w). When we compute (99^ *Lp'^){t'), by the above all terms are of the 
form Lp^{uwt)ip^{t''^w^'^u~^t'), where u G ^(0) and w G W. As t' € T~, 
{t')-'^u-H' G f/(0), so if the term is non-zero then so is ipl{'"t)<fl{'"rh') 
(where we also pulled a w from the left to the right). By the refined Cartan 
decomposition we need that —w\ + A' = w' \ for some w' G W . Moreover 
ip'l{'"t)ifX{'"'t) + 0, which implies that if>l(t)w-^ w' ip\(t) 7^ 0. This in turn 
implies that 'pf^^{w~^w' iy'^^ ~^^^'^ ^ 0. The proof of Lemma 12.171 then 
shows that w~^w' G W\. (Note that Stabvi/(z/') C W\ since the stabiliser 
is generated by simple reflections and since {u'^a^) = q — 1 > 0.) Thus 
w'X = wX. As —wX + A' = w'X, we obtain A' = 2'wX. Taking into account 
that A' and A are antidominant coweights, we see that wX = X and that 
A' = 2A. The latter equation shows that the support of ip^ * ip'j^ is contained 
in Kt^K. But if we take A' = 2A, the former equation shows that uwt = 
t{t~^ut)w G tK, so that only the trivial term ip^{t)(pj^{t) contributes to 
((/3^ * (/3^)(t^), but that term is clearly non-zero. 

To complete the proof, we will show that §g{T2\) = 7"2A — T2\+a'^ ■ First 
note that 2A -|- a^ G X*(T)_ since for /3 G A we have 

^ '^' \(a^,/3)<0 if/3y^a. 

Let M be the standard Levi with Wm = Stably (i^). Note that a G Am- By 
Prop. 15. H it suffices to show the following: 

Claim: Suppose fj, G X*(T)_. Then /i >m 2A if and only if /x = 2A or 
M >M 2A-Fa^. 

It suffices to prove the claim with >m replaced by >. Suppose n > 2A, 
so fi — 2X = ^j /3j^, where the /3j are simple roots. Let oq G X*{T) be the 
sum of the longest roots of all irreducible components of the root system (it 
need not itself be a root). Then oq = XlfleA ^/3/^ with n/3 > 1. Moreover 
ao is dominant and (A,ao) = —na = —1 (as —A is minuscule). As /i is 
antidominant, we find 

(/x, a) > ^ n/3(/x, /3) = {fi, ao) > (2A, oq) = -2. 

/36A 

If (/u, a) > —2 then X^j(/3j^, a) > 0, so a has to occur among the simple roots 
Pi and thus /x >2X + a^. If (/U,a) = -2, then (/x,/3) = for ah /3 G A -{a}. 
Then ^ — 2A = since it is orthogonal to all roots and contained in Z^"^. D 

Question 6.9. Suppose that the centre of G is connected so that every 
simple root a possesses a fundamental coweight A. Is the result of Prop. [621 
true when A is not assumed to be minuscule? It seems that this is the case 
when G = GSP4. 
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Corollary 6.10. We keep the above notation. Suppose x ^^ova.-^_^i {"Kg, k) 
is parameterised by {M,xm)- Assume that a ^ Am- Then 

(6.11) c-Ind^ V ®jcg,x ^ = c-Ind^ V (g):KG,x ^' 

provided either a'^{w) ^ Zm or xa/ (a^(ro)) 7^ 1- 

We can reformulate the conditions in a way that does not use w. The 
first is equivalent to (a^,/3) ^ for some /? G Am, the second is equivalent 
to xm o a^ : F^ ^ k^ being non-trivial. 

Proof. By the above, c/?^, (p^ induce G-linear maps between the two repre- 
sentations in (|6.1ip . If we can show that x{fx*^\) = x{'P\*'P\) is non-zero, 
we will be done. Let x' be the Satake transform of x- By Prop. [6^71 it suffices 
to show that x'('^2a) 7^ x'(''"2A+av). Recall that suppx' = Z^^TiO). 

Since (A,/3) = for all simple roots /3 G Am (as a Am), we have 
\{'ujY G -^M' moreover \{wYa^ {w) G Z^^ if and only if a^(iu) G Z^f. We 
now use Cor. 14.21 If a^ {w) ^ Zm then x'(''"2a) 7^ = x'('^2A+av). Otherwise 
both are non-zero and x' {t2\)'x' {'r2\+a^y^ = XA/(a^(w)) 7^ 1- 

In the latter case let us verify that xm ° o^ is unramified, i.e., trivial on 
k^ . We have that XM\zM{k) is the central character of F{u)jj,j^-,, hence it 
equals i'\zM{k)- Thus if (a^,/3) = for all /? G Am then a^ {x) G ZM{k) for 
X G fc^, so XMia^ix)) = iy{a'^{x)) = 1. (Recall that (j^,a^) = 0.) D 

Remark 6.12. Equation ()6.1ip also holds if a G Am and (a^,/3) = for 
ah /3 G Am - {a}- 

We showed in [Herllj (Step 4 of the proof of Thm. 1.2) that the image of 
§G is supported on the "almost antidominant" part of the torus, namely the 
set of those t a T such that ordi?(a(i)) < 1 for all a G A. (The proof still 
goes through when Vi ^ V2.) We now show that the support of the image 
of §G may extend outside T~ if Vi ^ V2. 

Proposition 6.13. With the above notation, §g{^\) £ ^r has support 

X{'Uj)T{0) U X{w)a'^{w)T{0). 

Note that (A + a^,a) = 1. 

Proof. By Prop. [6^71 it suffices to show that Sg(c/?^) has support X{w)T{0). 
Let M = Mx. We first claim that S^^ {(p^) G JiMi{V')^^''\V^^'''^) has 
support M{0)X{zu)M{0). Since {u',a^) > and —A is a fundamental 
coweight for a, it follows that V is M\ = M-regular. Then Cor. 12.18( 11) 
establishes the claim. (Note that the proof still goes through and that it 
only depends on the "source" weight V .) 

Since u'—i' = (q—l)uja and coa is orthogonal to all simple coroots of M, we 
see that (V')^ ' = V^ '. By fixing an isomorphism between them we are 
reduced to consider the image of r;f^ under §m ■ ^m{V^^''^) -^ :KTiV^^''^). 
But this equals tx, as X{w) G Zm- (Just as in the proof of Lemma l4.4i ) D 
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Example 6.14. Consider G = GL2 with diagonal torus T and upper- 
triangular Borel B. A pair of integers (a, 6) denotes the element of X*{T) 
that sends (^Sa) to *i4- Let V = F(0,0), the trivial weight, and V = 
F{q — 1,0) = Sym'^"^ fc^, the Steinberg weight. Then we are in the sit- 
uation considered above, with a = (1,-1). In particular there are non- 
zero :KG[G]-hnear maps c-Ind^ V -^ c-Indg V and c-Indg V -^ c-Ind^ V 
whose support is K(^^ ^^K. A variant of the latter map was used in |Kis09t 
Lemma 1.5.5]. 



7. Generalised Steinberg representations 

In this section we will determine the Jordan-Holder factors of Ind%l 
(completing the work of Grofie-Klonne) as well as their weights and Hecke 
eigenvalues. As usual, P = MN and Q denote standard parabolic subgroups 
of G throughout. 

Recall that the generalised Steinberg representations are defined as fol- 
lows: 

Ind^l 
(7.1) Spf 



EQDpIndgl- 



Theorem 7.2. For any standard parabolic subgroup P, the generalised Stein- 
berg representation Spp is irreducible and admissible. 



For the Steinberg representation Sp^ this was proved by Vigneras |Vig08 



§4]. The general case was proved by GroBe-Klonne [GK^ Gor. 4.3], under 
the assumption that G is of type A, B, G, or D. We recall Cor. 4.4 of jGKj, 
which now holds without any restriction on the root system. 

Corollary 7.3. The generalised Steinberg representations Spp are pairwise 
non-isomorphic. They form the irreducible constituents o/Ind-g-1, each oc- 
curring with multiplicity one. In particular, Ind^l is of finite length 2* . 

We deduce Thm. 17.21 from the work of Grofie-Klonne with the help of 
Thm. 13.11 More precisely we show that Spp contains a unique weight, that 
that weight lifts to Ind^ 1, and finally that the lifted weight generates Ind^ 1. 

Proposition 7.4. For any standard parabolic subgroup P, the representa- 
tion Spp contains a unique weight Vp. It occurs with multiplicity one. The 
unique set of Hecke eigenvalues in weight Vp is parameterised by the pair 
(TA). 

We will see in the proof that Vp is the unique M-regular weight such that 
(yp)iV(fc) ^ (Vp)^^^^ is trivial. It follows that StahwiVp'^''^) = Wm, so that 
the weights Vp are pairwise distinct. 
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Proof of Theorem |7.^| and Proposition \7.4\ Let Spp denote the generalised 



Steinberg representation of G{k), i.e., 

P(fc) 



Indm 1 



SPi 






Then by |GKt §3], there is a natural K-linear embedding Spp '^^ Spp such 
that 

(7.5) (S^^)^W = (Spp/ = (Spp/«. 

Since /(I) is a pro-p group, we see in particular that Spp is admissible. 

Step 1. We show that soci^(Spp) is irreducible. Let V C Spp be any 
weight. By ([73]) we have V^^^^i C (Spp)^(^), so V^'^^'i = V^^^^i is a one- 
dimensional subspace of (Spp)^('^\ which is stable under the action of the 
Hecke algebra k[B{k)\G{k)/B{k)]. In [GK", Prop. 3.4] it is shown that any 
non-zero A;[i?(A;)\G(A;)/i3(A;)]-submodule of (Spp)'^^'^^ contains the element 

G(k) 

gp, which is by definition the image of lp(fc)p(fc) S ^^^-p/ui ^ ^^ Spp. This 
shows that V is generated by gp as G{k)--niodule. 

Step 2. By Lemma 12.51 there is a unique M-regular weight Vp such that 
{Vp)jj,j^s is trivial. Let x '■ ^m(I) — *■ k denote the Hecke eigenvalues of the 
trivial weight in the trivial M-representation. It is parameterised by the pair 
(T, 1), for example by Lemmas 14. 51 and l4.4l since the trivial M-representation 
is contained in the trivial principal series for M. From Thm. 13.11 we get a 
surjective G-linear map c-Ind^ Vp ^■Hc{Vp),x ^ ~^ Ind-pl. Thus the image 
of Vp generates Ind^ 1 as G-representation; a fortiori, its image in Spp is 
non-zero and generates. By Step 1, Vp is the unique weight of Spp. 

Step 3. Suppose that vr C Spp is a non-zero subrepresentation. Then vr 
contains a weight. By the previous two steps, we know that this is Vp and 
that Vp generates Spp. Thus vr = Spp. 

The final statement of Prop. 17.41 follows from the proof of Lemma 14.51 
That is, X ° '^g ^^ parameterised by (T, 1) because x is- D 

The following proposition will be useful later. 

Proposition 7.6. Suppose that P = MN is a standard parabolic and that 
Q is a standard parabolic of M. Then the constituents o/Ind^Spg are given 
by Sppi, where P' runs through all standard parabolic subgroups of G such 
that P' D M = Q. They all occur with multiplicity one. 

Proof. The last statement follows from Cor. 17.31 Ind^Spn is a subquotient 
of Ind^l since Spg is a subquotient of Indpp,^^ 1. 

For each standard parabolic subgroup P' of G, P' n M is a standard 
parabolic subgroup of M. In the parameterisation of standard parabolic 
subgroups by subsets of A the map P' >—>■ P' (1 M becomes A' i— *■ A' n Am- 
Thus there is a smallest standard parabolic subgroup Q'q of G such that 
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Qo n M = Q and we have P' D Q'q if and only if P' n M D Q. In fact, 
Q'o = QN. 

By exactness and transitivity of parabolic induction, 

Indflnd^^l Ind^l 

1^4 SPQ = ^. be 



E/jDQ Ind^Indf 1 EiJ2Q Ind^ 1 



Using (j7.ip again it follows by induction that the constituents of Ind^ 1 are 
given by Spp/ for P' D P. The claim now follows, recalling that we have 
already established that all constituents occur with multiplicity one. D 

8. Irreducibility of parabolic inductions 

The goal of this section is to construct many irreducible admissible G- 
representations by parabolic induction. The most precise results are ob- 
tained for GL„. 

We remark that parabolic induction preserves admissibility. Suppose 
that P = MN is a standard parabolic and that a is an admissible M- 
representation. It suffices to show that (Ind^ci)^'^' is finite-dimensional. 
This follows from the admissibility of a since 

(Indg.)^(i) = (Ind^(„^ a)^(i) = Indf^^^^^ 

where M(l) is the kernel of M(0) -^ M{k). 

8.1. The case of GL„. When G = GL„ we will always let T be the diagonal 
torus and B the upper-triangular Borel subgroup. 

Theorem 8.1. Suppose that G = GL„. Let P he the standard parabolic 
with Levi HiGLn., where '^^rii = n. Suppose that ai is an irreducible 
admissible supersingular representation of GL„-(F) for i = 1, . . . , r. Then 
Ind^(cri ® • • • (8) o"r) is irreducible if and only if there is no i such that Ui = 
Ui+i = 1 and ai = (Tj+i . 

When Hi = ■ ■ ■ = Ur = 1, this was proved by Ollivier |O1106| . Her method 
relied on a detailed knowledge of the /(l)-Hecke algebra and the study of in- 
tertwinings of certain induced /(l)-Hecke modules. Henniart (unpublished) 
found a different proof in that case, which utilises the structure of a prin- 
cipal series as ^-representation and which works, under some conditions, 
for quasi-split groups. By contrast, our strategy is to show that every non- 
zero subrepresentation of an induced representation satisfying the criterion 
in Thm. 18.11 has to contain a sufficiently regular weight (by "changing the 
weight" as in §6.2p . and that such a weight has to generate the whole rep- 
resentation (by using the surjectivity of the map in Thm. 13. ip . 

Lemma 8.2. Suppose that G = n[=i ^« ^•^ ^ product of split reductive 
groups. If CTi is an irreducible admissible Gi-representation for i = 1, . . . , r, 
then a := (^^ o"j is an irreducible admissible G -representation. Conversely, 
every irreducible admissible G -representation is of this form. 
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The weights of a are of the form V := (^j Vi where Vi is an arbitrary 
weight of ai. The Hecke eigenvalues of V in a are parameterised by the 
pairs {Y\iMi,Ylxi)} where each {Mi,Xi) ranges over the pairs parameteris- 
ing Hecke eigenvalues ofVi in ai. 

Proof. The first part follows just as in the case of finite groups (using a 
proof that does not use character theory). Similarly, the weights for G 
are of the form (^ Vi where each V^ is a weight for Gi . Next note that 
(^Homf;.(0)(Vi,(Tj) = Hom(j(o)(y, o"). Finally we have a natural isomor- 
phism (^JCfj. (Vi) = 'Kc{V) which is induced by the map 0ipi i— *■ 99 with 
ip{gi, . . . ,gr) = (H) ^i{9i)- (To see that it is a bijection, note that it sends 
(^T\^ to TrjXi-) One also verifies that this isomorphism is compatible with 
the Satake transform (for G and the Gi). The lemma then follows easily 
from Prop. 14.11 D 

Proof of Theorem\8Jl Let Mi = GL„^. We have P = MN with M = 
Y\^ GL„. . We let (T = o"! ® • • • (XiiTr.; it is an irreducible admissible representa- 
tion of AI. Note first that the criterion is clearly necessary since otherwise 
a extends to a representation of a larger parabolic subgroup. 

To show that the criterion is sufficient, assume that vr C Ind^ cr is a non- 
zero subrepresentation. Let F be a weight of vr. We claim that the action 
of JiciV) on RomKiV,TT) factors through 'S^^ : JiciV) -^ :Kj\/(%(^)), 
which is a localisation map by Prop. I2.12[ Consider the natural maps of 
finite-dimensional !KGr(y)-modules, 

(8.3) Hom/<(F,7r) ^ Homx(T^,Ind^cr) ^ HomM(o)(%(fc)'^)' 

where JiciV) acts on the final term via 'S^ (see Lemma l2. 140 . Any vector 
space automorphism of the right-hand side that preserves the left-hand side 
obviously acts invertibly on it. The claim follows since '§q is a localisation 
map. The maps in (18.30 are now ;Kj\,f(V]y(^^-))-linear with the right-hand side 
carrying its natural !Km {Vj^,j^-,)- action. 

By the above we can pick Hecke eigenvalues x '■ -^M(^(fc')) —>■ k and 
a corresponding Hecke eigenvector f : V ^ tt that occur in the finite- 
dimensional ^M(^(fc))-module Homi^(y, vr). By (j8.3p we can think of / 
also as ^M(^(fc))-eigenvector with eigenvalues x ^^ ^^^'^M(0)(^'N(k)^ ^) ^^^ 
we get a surjection 

c-lndj{^(0) y^(^) ®:Hm{Vj^,,,Ix ^ ^ ^• 



M(0) "TVCfc) ^^M(Viv(fe)) 

iTilipt; .^inr'p Tnri 



Case 1: V is M -regular. Then Thm. [3?T] applies. Since Ind^ is an exact 
functor, we obtain 

(8.4) c-Ind| V 0^a{V),x ^ ^ I^^f ^■ 

This map is naturally induced from 1/ — > vr C Ind^ a. (See the computation 
of in Step 2 of the proof of Thm. 13.11 ) As V generates the left-hand side 
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Figure 8.1. Final part of the proof of Thm. 18.11 a and a" 



of (18. 4p . it follows that Ind^cJ is generated by f{V) as G-representation. In 

other words, vr = Ind^cr. 

Case 2: V is not M -regular. We show by induction that vr has to contain 
an M-regular weight (in fact the one corresponding to V^ ' by Lemma [2. 5p . 



Then Case 1 implies that vr = Ind^o", which concludes the proof that Ind^o" 
is irreducible. 

Since the derived subgroup of G is simply connected, we can write V = 
F{u). As Stabvy(z^) <^ Wm and since the left-hand side is generated by 
simple reflections, there is a simple root a € A — Am such that Sa{i^) = v. 
Since the centre of G is connected, there is a fundamental coweight —A 
associated to a, which is minuscule as G = GL„. Just as in ^6.21 we now 
put v' = V + {q — l)uia and V = F{v'). The map / above gives rise to a 
non-zero map c-Ind^ V (^'}iG,x k ^ tt (we also write x for x o 'S^) • If we can 
show that Cor. 16. 10] applies, there is a non-zero map c-Ind^ '^' ^'Hcx'^ ~^ ^' 
in particular V is a weight of vr. Since Stabvt'(i^') is strictly smaller than 
Stabvi/('^)) by induction we eventually find that vr has to contain an M- 
regular weight. 

Finally we show that the criterion in Thm. 18.11 implies that the assump- 
tions in Cor. 16.101 are satisfied. By Lemma 18.21 and Def. 14.71 the Hecke 
eigenvalues x are parameterised by (-^, Jl/tj)) where Xi is the central char- 
acter of (Tj. We have a A a/. Suppose first that there exists j3 G Am 
that is adjacent to a in the Dynkin diagram. In this case {a^ ,j3) ^ 0, so 
a^ {'uj) ^ Zm and we are done. See the left part of Fig. 18. li Otherwise, we 
have Hi = nj+i = 1 for the two Levi blocks (Mi,ai) and (Mj+i, ctj+i) that 
a "separates" . (We work with the diagonal torus and the upper triangular 
Borel.) See the right part of Fig. 18.11 In particular ai = Xi^ ""j+i = Xi+i- 
Therefore on F^ we have xm o a^ = XiXi+i 7^ 1 by assumption, so we are 
done. D 



Theorem 8.5. Suppose that G = GL„. Let P be the standard parabolic 
with Levi Y\iGLn-, where Y2i^i ~ "-• Suppose that a^ is an irreducible 
admissible supersingular representation of GL„-(F) for i = 1, . . . , r. Then 
■ ■ (8> o"r) has finite length. 



^G( 



Ind^^cJi 



By the transitivity of parabolic induction, we can rewrite such a repre- 
sentation in the form Ind^(ri (8) • • • (8) t^) with Q Z) P the standard parabolic 

with Levi Hi GL^, , such that for all i either 
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o Tj is super singular and rrij > 1, or 

o r, = Ind-^-™' r/j for some r/j : F^ — s- k^ 

and such that rn ^ i]i+i whenever both tj and t^+i fall into the second case. 
(Here and in the following, we often write rj when we really mean ry o det. 
Moreover Bi denotes the Borel in GLm^-) 

GL 

By Cor. 17.31 the irreducible constituents of Ind-^^-""' n are of the form 

Spg, ^fjii where Qi ranges over the standard parabolics of GL^i. 

We have thus reduced the proof of Thm. [83] to the following generalisation 
of Thm. 18.11 It shows that Ind^(ri (X) • • • (8) r^) has length 2^' '^^ , where di = 
or rrij — 1 depending on whether Tj falls into the first or into the second case. 

Theorem 8.6. Suppose that G = GL„. Let P be the standard parabolic with 
Levi Y\^ GL„-, where ^^ Ui = n. Suppose that ai is an irreducible admissible 
representation of GL„-(F) for i = 1, . . . , r such that for all i either 

o ai is supersingular and rij > 1, or 

o (Tj = Spg . (^r}i for some rji and some standard parabolic Qi C GL„- . 
Assume that rn ^ i]i-\-i whenever both ai and o"j+i fall into the second case. 
Then Ind^(o"i (8> • • • (8) CTr) is irreducible. 

Proof. The proof differs from the one of Thm. lSTJ onlv in the final part. This 
time the Hecke eigenvalues are parameterised by the pair (M' = Y\ M-, Y\ Xi)^ 
where M| = Mi and Xi is the central character of ai if a^ falls into the first 
case, whereas M- is the torus of Mi and Xi = Vi ° det if ai falls into the 
second case. It follows that a^{w) ^ Zm' unless the blocks adjacent to a, 
{Mi,ai) and (Mj_|_i,(Tj+i), both fall into the second case and the argument 
goes through since ViVi+i 7^ 1- ^ 

Theorem 8.7. Suppose that the final condition on the iji is dropped in 
Thm. [KR Then Ind^(o"i®- • -(iijar) is of finite length with explicit irreducible 
constituents, each occurring with multiplicity one. 

In the proof we describe the irreducible constituents; in particular we 
show that the length of Ind^(o"i (8) • • • (8i o"^) equals 2 , where 6 is the number 
of times the condition rji ^ r/j+i fails. 

Proof. Note that <S>i=i Spg, — SpQ^x---xQa ^^ representation of n^=i GL„.. 
(For example, directly from (j7.ip .l We may thus collect consecutive ai with 
the same twisting character rji and use transitivity of parabolic induction 
to rewrite our representation as Ind^(ri (8 • • • ^ r^), where Q D P is the 
standard parabolic with Levi Y\- GL^^ , such that for all i either 

o Ti is supersingular and ?n,j > 1, or 

o Tj = Indp "' Spg. (8r/^ for some -q'^ : F^ ^ k^ 

and such that 1]'^ ^ Vi+i whenever both tj and Tj+i fall into the second case. 
Here Ri = LiN[ is a standard parabolic of GLrm and Si a standard para- 
bolic of Li. (Note that Li is a product of consecutive GL„^ and Si a product 
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of consecutive Qj.) By exactness of parabolic induction, by Prop. 17161 and 
Thm. 18.61 it follows that the irreducible constituents are obtained by re- 
placing each Ti that falls into the second case by Sp^/ ^7]'^ for any standard 
parabolic S'^ of GLm^ such that S'^H Li = Si. 

The multiplicity one assertion is true because these irreducible represen- 
tations do not share any common weight. (This holds for the generalised 
Steinberg representations by the results of Section [71 Now use (I2.13p .) Al- 
ternatively this follows using ordinary parts; see Cor. 19.101 D 

8.2. General results. We show that parabolic inductions of irreducible 
admissible representations are usually irreducible, even for general G. As 
we do not have the results of §6.21 available in general, we need to put 
stronger hypotheses on the weights that are allowed to occur. On the other 
hand, the representation of the Levi does not have to be super singular. 

Theorem 8.8. Let P = MN he a standard parabolic and suppose that a is 
an irreducible admissible M -representation satisfying: 

(*) For all simple roots a E A — Am, the restriction to k^ via the coroot 
a^ of the T{k) -representation (socm^q-j a) /-u^^wk) ^^^"^ ''^^^ contain 
the trivial representation. 
Then Ind-p o" is irreducible. 

Proof. This follows by the proof of Thm. 18. H since we now show that (*) 
implies that all weights V of Ind^o" are M-regular. First assume that the 
derived subgroup of G is simply connected. In this case, V = F{i') for 
some (/-restricted weight v and Vj^,^^-. = F'^^ (u). Assumption (*) shows that 
for all simple roots a G A — Am, {1^,01^) ^ (mod q — 1) (as V^(^\ is a 
direct summand of socjvf(o) <7 and (^(fc))mnM)(fc) ^^ isomorphic to i'\T{k))- 
In particular, (i/, a^) > for such a. Since Stabvi/(i^) is generated by simple 
reflections, we see that Siahw{i^) C Wm, so V is indeed M-regular. 

If G is general, pick a weight V of Ind^ cr. The restriction of the T{k)- 
representation V^/^,-) to k^ via a^ is non-trivial for a G A — Am by (*). Now 

take a z-extension G ^» G of the special fibre, just as in [Her 111 Lemma 2.5]. 
Since coroots are compatible in z-extensions, we get the analogous statement 
for V as G(fe)-representation. By the previous paragraph, V is M-regular 
and therefore M-regular. D 

Remark 8.9. Condition (*) is best possible in the sense that it is equivalent 
to the condition that all weights of Ind-p o" are M-regular. 

Here is a simple application to principal series representations. 



Corollary 8.10. Suppose that x '■ T ^ k^ is a smooth character. Then the 
principal series representation Ind^x 'i-s irreducible provided that x°ck^Ux 7^ 
1 for all simple roots a. {Note that x\t(0) factors through T{k).) 

Proof. This follows from the theorem using (|2.13p . D 
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9. Classification results 

9.1. The case of GL„. In this subsection, G = GL„. The goal is to 
show that all irreducible admissible representations are of the form as in 
Thm. 18.61 Our strategy is roughly speaking as follows. If vr is irreducible 
admissible, it contains a weight V and Hecke eigenvalues x ™- that weight, 
so c-Ind;^ V ®-Kg{v),x k ^>* tt. If there is a standard parabolic P = MN ^ G 
such that V is M-regular and x factors through 'S^, then we can apply 
Thm. 13.11 to express tt as a quotient of a (non-trivial) parabolic induction. 
We can then use Emerton's ordinary parts functor (a right adjoint to para- 
bolic induction) to write tt as a quotient of Ind^ a with a irreducible admis- 
sible, and we can induct. If the process gets stuck, we try to "change the 
weight" (Cor. I6.10p . The one crucial ingredient that is still needed is that 
we can detect the trivial representation by its weight and Hecke eigenvalues; 
see Prop. 19. II below. 

We recall that Emerton's functor Ordp [EmelOa] sends smooth G-representations 
to smooth M-representations. It is left exact and preserves admissibility. It 
is a right adjoint to Ind^ between the full subcategories of admissible rep- 
resentations. 

Proposition 9.1. Suppose tt is a smooth G -representation such that vr con- 
tains the trivial weight with Hecke eigenvalues parameterised by (T, 1). Then 
either vr contains the trivial G -representation or there exists a proper stan- 
dard parabolic P such that Ordp vr ^ 0. 

In fact we will see in Cor. 19. Ill below that if vr is moreover irreducible and 
admissible, then vr is the trivial G-representation. (Note also that Ordp 1 = 
for any proper parabolic P.) 

Proof. The first assumption means that tt^ ^ 0. We use the more classi- 
cal notation [KgK] for a Hecke operator in the unramified Hecke algebra 
'Kg{1)- The action on tt is the natural left action: if KgK = Y[9aK, 
then [KgK]v := J^da^ ^ ^^- Note that [KgK] = Ixg-^K G ^g(I)- Let 
Ti := [KtiK], where tj = diag(tu, . . . , -cu, 1, . . . , 1) (i copies of w). 

Pick V G vr , a Hecke eigenvector with Hecke eigenvalues parameterised 
by (T, 1). This means that TiV = v for all 1 < i < n. (This follows from 
Cor. 14.21 Note that >k is the same as > on X^{T) for GL„ and so by (12. 7|) . 
§G'(Tx) = Tx whenever —A is minuscule.) From i = n or from Lemma 14.41 
we see that vr has trivial central character. 

Suppose that Ordp vr = for all proper standard parabolics P. 

Step 1. We show that Ui := [Itil] G 5^/(1) acts nilpotently on v for i = 1, 
. . . , n — 1. (Recall that / denotes the Iwahori subgroup.) 

Let P be the standard parabolic subgroup with Levi GLj x GL„_j and 
let T be the corresponding parahoric subgroup. Suppose that the Hecke 
operator [TtiT] has a non-zero eigenvalue on vr . Then a corresponding 
eigenvector is even stable under ^(1) C ^j>{l) because ^(1) is generated 
by Eh = [?/i"^?] for h = t^^ and h = t~^ (in the notation of Lemma E^I]). 
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Then there is a unique unraniified character xm '■ Zm -^ k^ that sends h^^ 
to the (non-zero!) eigenvalue of Eh for h = t^ and h = t^^. Since Eh is 
identified with T^^ G !KM{i), Prop. [9341 applies with V = 1 and we see that 
Ordp TT 7^ 0. Contradiction. 

Thus [TijCP] is nilpotent on vr^. But [JijCP] = [/tjl] on n^ C vr^, so 
C/j acts nilpotently on v. (To see this, note that Tti'J'/'P naturally bijects 
with N{0)/^^N{0) by Lemma [2.161 Similarly Itil/I naturally bijects with 
t/(0)/*»t/(0). Now use that [/ = iV x (M n U).) 

Step 2. Setup and some lemmas. 

Define the following elements in the Iwahori Hecke algebra ^/(l): 



Si 




I 



, b; 



n-1 



•y\^y 



,n 



/ ••• / 



where Si is defined by the z-th simple reflection. It is straightforward to 
verify the following relations. 



Si = -s^ 


for all i, 


biOj = bjJi 


whenever \i — j\ > 1, 


SkSk+iSk = Sk+iSkSk+1 


for all /c < n — 1, 


SkU = nSk+1 


for all A: < n — 1. 


also have 




n" = 1 on vr^ 





The quadratic relations take a simple form, since we work in characteristic p. 
For the last property note that the matrix defining 11 normalises /. (We 
remark that the above is a presentation of ^/(l), but we will not need that 
fact. It can be deduced from Cor. 4 in Vig05| for R = ¥p and 7 consisting 
of the trivial character.) 



Note that 



ro a2 as ■■■ \ /I 

1 \ V^ / ro 03 



where in each sum, the aj run over representatives of modulo zu. 

It is not hard to express this in terms of the Iwahori Hecke action. First, 
in each of these sums we can interchange the first column with the col- 
umn containing w (since v G tt ). For 1 < i < n let Xj G G be the 
product of the matrices defining S'j(j+i)...(„_i)n. It will suffice to show that 
5j(j+i)...(„_i)n = [Ixil] and that Ixil is the disjoint union of the cosets 
u(aj+i, . . . , an)xil, where n(aj+i, . . . , a„) G U{0) is zero above the diagonal 
except for the z-th row which ends in (flj+i, . . . , an), and the aj run through 
representatives of modulo w. The second claim is a simple calculation. 
The first claim follows since both sides contain g""* one-sided cosets. Since 
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Tiv = V, we get: 

n 

(9-2) "^ = X] 'S'i(i+i)-(n-i)nt;, 

where we abbreviate 5*4(4+1). ..(j_i) '■= SiSi+i • • • Sj-i for any 1 < i < j < n. 
(This equals 1 when i = j) 

Sublemma 9.3. Suppose i < k < i < j. Then 

Si{i+i)---jSk(k+i)---{e-i) = S(k+i)(k+2)---eSi(i+i)...j 

Proof. It suffices to consider the case i — 1 = k. In that case, i < k < j — 1. 
By the braid relations, 

Si{i+l)...jSk = Si(^i^iy..(^k-l)k{k+l)SkS(k+2)---j 

= Si(^i+iy..(^k-l)S(k+l)Sk{k+l){k+2)---j 
= S(^k+l)Si(i+l)...j- 

D 

Sublemma 9.4. We have Sn-i^'^v = 0. 

Proof. We first note that for all i we have SiV = 0. This is immediate from 
the fact that v € vr^ and that the double coset defining Si is a disjoint union 
of 9 = #k one-sided cosets. 

Then we get Sn-iU'^v = U'^Siv = (since n^t; = n-(""2)^)_ □ 

Sublemma 9.5. For all i, we have Ui = (S'j...(„„i)n)*. 

Proof. If we multiply out the double cosets on the right-hand side, we cer- 
tainly find the matrix tj. (We just multiply the defining matrices of all these 
double cosets.) To see that the product of the double cosets yields only the 
double coset of this diagonal matrix, it's enough to count the number of 
one-sided cosets. On the left-hand side the number of cosets is q'^y^~^> . Since 
each Si contains q cosets and 11 contains just one, the result follows. D 

Step 3. We show that Uiv = 5i2...(n-i)nf = 0. 

Sublemma 19.51 tells us that Ui = S'i2...(„_i)n. We now see that 

('S'l2-(n-l)n)^W = 5'i2...(„_i)n I V -^Si...{n_i)Uv J 

by (USD, 

n 
= 5'i2...(n-l)ni; - 2^5'i2...(rt-l)5'(j_i)...(„_2)n V 
i=2 

by pushing 11 to the right, 

n 

= 5'i2...(„_i)ni; - 2^5j...(„_i)5i2...(„_i)n V 

i=2 

by Sublemma 19.31 
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= S'i2...(„_i)nt;, 

by Sublemma 19. 4[ In other words, t/f u = Uiv. So by Step 1, we have 
Uiv = 0. 

Step 4- We show that U2V = 5'23...(„_i)nf = 0. 

By Step 3, the first term in (j9.2p vanishes and we get 



(9-6) '" = Y1 Si(i+l)...(n-l)^V. 

1=2 

We repeat the calculation we did in the previous step, using (19. 6p instead 
of da^D; we find: 

(523...(„_i)n)^w = 5'23...(„_i)nt;. 

It follows from Sublemma 19.51 that 



(9-7) U2V = (S'23...(„-i)n)2w = 5'23...(„_i)nt; 

and moreover that U2V = U2V. By Step 1 we see that U2V = 0. 



Step n + 2. We show that u € vr*^. 

Prom Step i + 2, we know that UiV = 5j(j_|^i)...(„_i)nr; = (1 < i < n — 1). 
Equation (j9.2p thus simplifies to w = Hv. Since G is generated by K and 



€ Ng{I) (for example by the Cartan decomposition, generating 



ti first as in the proof of Sublemma I9.5p . the claim follows. This completes 
the proof. D 

Theorem 9.8. Let vr be any irreducible admissible G -representation. Then 
there exists a standard parabolic P with Levi YYi=i GLn^ o-nd irreducible ad- 
missible representations a-i of GL„. (F) such that vr = lnd-p{ai (8) • • • (8> 0"^) 
and such that for all i either 

o (Tj is supersingular and rij > 1, or 

o (Tj = SpQ . ^r]i for some rn and some standard parabolic Qi C GL„. . 

Moreover r]i ^ r/j+i whenever both cti and ctj+i fall into the second case. 

Together with Thm. 18. 6^ this achieves the classification of irreducible ad- 
missible GL„(F)-representations. 

We first prove a useful lemma using ordinary parts. 

Lemma 9.9. Suppose that Q = LN' is a standard parabolic subgroup. 
Suppose there is a G -invariant surjection Ind-^r -^ vr for some smooth 
L -representation r having a central character and some irreducible admis- 
sible G -representation vr. Then there exists an irreducible admissible L- 
representation a and a G -invariant surjection Ind-^o" -^ vr. 
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Proof. As r is locally Z^-finite and vr is smooth, the natural map 
HomGr(Ind^r, tt) — )■ Homi(r, Ordg vr) 

is injective: this follows from the injectivity of the first map in [EmelOa] 
(4.4.7)] (a geometric fact) and the isomorphism in [EmelOa] Cor. 4.2.8]. In 
particular, OrdgTr ^ 0. As Ordg vr is admissible ( [EmelOal Thm. 3.3.3]), 
it has an irreducible admissible subrepresentation a ■— *■ Ordg vr (the dual 
of an admissible L-representation is a finitely-generated module over the 
noetherian ring fc[[L(0)]], see [EmelOa] Lemma 2.2.11]). By the adjunc- 
tion [EmelOa] Thm. 4.4.6] we get a G-linear map Ind-^cj -^ tt. D 

Proof of Theorem \9.8[ We argue by induction on n. For n = 1, there is 
nothing to show. For n > 1, we may assume that there is at least one 
weight V that occurs in vr with non-supersingular Hecke eigenvalues x P^- 
rameterised by {M,xm) (otherwise vr is supersingular and we are done). 
This means that M ^ G. 

Let Ay = {a G A : Sa G StahwiV^^''^)}, where Sa € W denotes the 
simple reflection corresponding to the root a. Thus V is M-regular if and 
only if Ay C A a/. 

Case 1: Ay U Am / A. Pick a G A - (Ay U A^)- Let Q = LN' be the 
standard, maximal parabolic defined by a, so A^ = A — {a} D Am- Then 
V is L-regular and x factors through ^L(l^(fc))- Thm. [XT] gives rises to 

Ind|(c-Ind^(0) ^7v^(fc) ^^LiV-j^^,^),x ^) ^ ^• 

Note that the L-representation that is being induced on the left-hand side 
has a central character (namely h i— )■ xi^h-i))- Thus by Lemma 19.91 there 
is an irreducible admissible L-representation a and a G-linear surjection 
Ind^ cr -» vr. We can now decompose cr as a tensor product of irreducible 

admissible representations of the Levi blocks (Lemma 18. 2p . By induction, 
each of them is of the desired form. By transitivity of parabolic induction 
we see that vr is a quotient of a parabolic induction of the desired form, 
except that consecutive r]i might be equal. But by Thm. 18.71 we know that 
all Jordan-Holder factors of this parabolic induction are of the desired form. 

Case 2: Ay U Am = A. Suppose first that there is an a G A — Am 
such that a^(tJ7) ^ Zm or XM(a^(^)) 7^ 1- Then by Cor. 16.101 there is a 
weight V that occurs in vr with the same Hecke eigenvalues x ^^^ such that 
Ay/ = Ay — {a}. We are thus reduced to Case 1. 

Otherwise, for all a G A — Aj\/ we have a'^{w) G Zj^j and XJ\/(a^(^)) = 1- 
The first condition implies that M = T and then the second condition 
implies that xm = t] o det, for some smooth character ry. By twisting we 
may assume that xm = 1 (see Lemma [4.6p . Thus V^j/^-, is trivial. Since 
we are in Case 2, we also have Ay = A. Putting together these two facts 
and using Lemma 12. 3[ we see that V is the trivial weight. By Prop. 19.11 
either vr is trivial (and we are done) or Ordg vr 7^ for some proper standard 
parabolic Q (and we induct as in Case 1). D 
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Corollary 9.10. Suppose that tt is an irreducible admissible G -representation. 
(i) All Hecke eigenvalues ofn are parameterised by the same pair {M' , xm')- 
(ii) There is a unique datum (P, (crj)[=i) as in Thm. \9.^ such that 
TT = Ind^(o"i (8) • • • ^ <7r). In other words, there are no non-trivial 
intertwining s between the representations in Thm. \9.t^ 

Proof. By Thm. [931 we know that vr = Ind^(cri (g) • • • (g) £7^) with {P = 
MN, (o"j)[^;^) satisfying the conditions in that theorem. 

As in Thm. 18.61 we write Af = ]^ Mi as product of Levi blocks. By 
Lemmas l4.5l and l8.2l we see that the Hecke eigenvalues of vr are parameterised 
by (n Ml, Yl Xi)) where (M/, Xi) runs over the Hecke eigenvalues of weights 
of (Tj. If (Tj is supersingular, we have M^ = Mi and Xi is the central character 
of (7j (see Def. 14. 7p . If ai = Spg. (gr/j, then M/ is the torus in Mi and 
Xi = Vi ° det (use Prop. 17.41 and Lemma [^^ . Part (i) follows. 

Since consecutive rji are distinct, these common Hecke eigenvalues deter- 
mine M. Part (ii) follows since Ordp(Ind^cj) = a [EmelOal Prop. 4.3.4]. D 

We can now prove a converse to Prop. 17.41 

Corollary 9.11. Suppose that tt is an irreducible admissible G -representation. 
Suppose that Q is a standard parabolic and that the weight Vq occurs in vr 
with Hecke eigenvalues parameterised by (T, 1). Then it = Spg- 

Proof. If vr = Ind^(o"i (g • • • (g 0"^) as in Thm. 19.81 then the analysis of Hecke 
eigenvalues in the proof of Cor. 19.101 shows that P = G, and that ai is a 
generalised Steinberg representation (note that r = 1). Then Prop. [73] show 
that vr = Spg. D 

Definition 9.12. Suppose that vr is an irreducible admissible G-representation. 
We say that vr is supercuspidal if it does not occur as subquotient in Ind^o", 
where P = MN is any proper standard parabolic and a any irreducible 
admissible M-representation. 

Corollary 9.13. Suppose vr is an irreducible admissible G -representation. 
Suppose P = MN is a standard parabolic and a an irreducible admissible 
M-representation. 

(i) Ind^o" is of finite length, and all constituents occur with multiplicity 
one. All Hecke eigenvalues of all constituents are parameterised by 
the same pair {M',xm')- 
(ii) vr is supersingular if and only if it is supercuspidal. 

Proof. Part (i) follows from Thm. 18.71 and the analysis of Hecke eigenval- 
ues in the proof of Cor. 19.101 (In terms of the classification in Thm. 19. 8^ 
only the parabolics Qi differ among the constituents. But Qi plays no role 
for the Hecke eigenvalues.) It is clear that the Hecke eigenvalues of a are 
parameterised by the same pair [M' ,xm')- In particular, M' C M. 

If vr is supercuspidal, it follows from Thm. 19.81 and the definition of the 
generalised Steinberg representations that vr is supersingular. Conversely, 
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suppose that vr occurs in Ind^a for some proper parabolic P. By the above, 
the Hecke eigenvalues of vr are parameterised by (M', xm') with M' d M ^ 
G. Thus vr cannot be supersingular. D 

9.2. Some general results. We show for general G that any irreducible 
admissible G-representation is parabolically induced from a supersingular 
representation, provided that it does not contain certain weights at the 
boundary. First we need the following result on the weights of ordinary 
parts. 

Proposition 9.14. Suppose that V is a weight for M. Suppose xm '■ Zm — *■ 
k^ is a homomorphism such that Xm\zm{0) ^-^ the central character of V . 
Then there is an algebra homomorphism x ■ ^m(^) -^ k such that x{T^) = 
XM{h)^^ for all h G Zm and for any smooth G -representation vr we have a 
natural isomorphism 

(9.15) HomM(o)("V^, {Oidpnf^^=^'n = Home (c-Ind^F 0^,(^7),^ k^r). 

Proof. We let h € Zm act on V by Xuih)- As this agrees with the usual 
action on Zm(0), the weight V becomes an M(0)ZM-representation. Thus 
by the definition of Ordp vr [EmelOal Def. 3.1.9], the left-hand side of ([9T5]l 
is naturally isomorphic to 

HomM(o)ZM (^> Hom^+ (Z*/ , vr^^^) ) ) - Hom^,(o)^+ (F, 7r^(°) ) . 

(Even though we let Zm denote the connected centre, as opposed to [EmelOaj . 
it is straightforward to verify that this is irrelevant for the definition of 
Ordp.) We verify that any M(0)Z^-linear map f : V ^ 7]-"(0) factors 
through -k"^^^' , where J'(l) = ker(CP — s- M{k)). By the smoothness of vr and 
by Lemma 12.161 there is an /i G Z^f such that f{V) is fixed by (J""). 
Then h'^fi^) is fixed by y-{M n K(l))(y+)'^ = 0^(1) n y{lf. Note that 
the natural map N{0)/N{Of -^ y(l)/(T(l) n T(l)^) is a bijection. By the 
definition of the Hecke Z^-action on vr *• \ we have for all v ^ V: 

XMih~')f{v)= Yl "^"V(^)= E Ph^'fi^)- 

N{o)/N{o)'^ y(i)/(y(i)ny(i)'') 

This implies that f{v) G ^T'^^^^\ In particular / is ^-linear. 

By Prop. 14.11 and Cor. 14.21 (or directly) the pair {M,xm) gives rise to 
X : JiM{V) -^ k such that xiT^^) = Xuih)'^ for h G Zm- We verify 
that the !P-linear map f : V ^ vr^^^^ ^-s- vr is an ;K(y)-eigenvector with 
eigenvalues x- For h G Z^,j, 

{f*Eh)(v)= Y. ph-'f{Eh{hp'')v)= Y rih-'fi^)=XMih-')f{v), 

since N{(D)/N{(Df -^ 9/(9 n T^) is a bijection and by definition of the 
Z^-Hecke action on vr^ \ (Note that E^ was defined in the proof of 
LemmaESD) Now note that x{Eh) = xiT^) = XM{h~^)- 
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Thus we have a natural map 

Hom^^(0)^+ (F,7r^(°)) -^ HomG(c-Ind^F(g)j^(y)^^ k,iT). 

Reversing the above argument we obtain an inverse map. This completes 
the proof. D 

Lemma 9.16. Suppose that ir is an irreducible admissible G -representation. 
Then there exists a standard parabolic P = MN and an irreducible admis- 
sible M -representation a such that Ind^o" ^> tt and such that for all triples 
{K'j^,T'j^, B'j^^j) as in Def. \4-7\ all T'j^^-regular K'j^^j -weights of a are super- 
singular. 

Proof. Suppose that vr contains a T'-regular i(''- weight that is non-supersingular, 
for some triple {K',T',B'). Relabel {K',T',B') as {K,T,B) for a moment. 
Pick a T-regular weight V that occurs in n with Hecke eigenvalues param- 
eterised by the pair (M,xm), M ^ G. In the notation of the proof of 
Thm. 19.81 we see that Ay = and Am t^ A. By Case 1 of the proof of 
Thm. 19.81 there is a proper standard parabolic Q = LN' , an irreducible 
admissible L-representation a, and a G-linear surjection Ind-^ cr ^> vr. When 

we change back to the original notation, Q gets replaced by some parabolic 
subgroup, but we can easily rewrite any parabolic induction as an induction 
from a standard parabolic subgroup. Now induct. D 

Theorem 9.17. Suppose thatn is an irreducible admissible G -representation 
such that the following condition is satisfied: 

{*') For all triples {K' ,T' ,B') as in Def. |^.7| and for all simple roots 
a E X*{T'), the restriction to k^ via the coroot a"^ of the T'{k)- 
representation (socj^/ vr) ^ > does not contain the trivial represen- 
tation. 

Then there exists a standard parabolic P = MN and an irreducible admis- 
sible supersingular M -representation a such that vr = Ind^a. 

In the situation of the theorem all Hecke eigenvalues of tt can be naturally 
identified. We can compare Hecke eigenvalues in the following way. Suppose 
we work with a triple {K',T' ,B'). The Hecke eigenvalues of a iC'-weight 
are then parameterised by a pair {L',xl'): where L' is a standard Levi 
with respect to {T',B'). The pair (T',B') can be conjugated to {T,B) by 
an element of G, which is unique up to T. After conjugating {L',xl') by 
such an element we get a well-defined pair (L, xl) with L standard and 
XL '■ Zl -^ k^ a smooth character. (To be precise we mean L/p: the 
integral structure depends on the triple we started with.) It is now clear 
from Def. 14.71 and Lemma 14.51 that in this way all Hecke eigenvalues of vr 
give rise to the pair {M,uj„), where coa is the central character of a (just as 
inCor.[9lO]). 

Proof. By Thm. [9TT6] there exists an irreducible admissible M-representation a 
such that Ind^cr -^ vr and such that all T^j-regular ET^j-weights of a are 
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supersingular. It will suffice to show that condition (*') implies that Ind-pCr 
is irreducible and that all i^^-weights of a are TjJ^-regular (for any triple 

We first show that for any weight V oi a the unique M-regular weight 
y of G such that y^C') ^ V (see Lemma [23]) is a weight of vr. Let 
Xm '■ Zm — *■ k^ be the central character of o", so we have an M(0)-linear map 
V ^^ a ^^ {Ovdp tt)^'^'^^'^' . By Prop. lQTT^ we obtain an algebra homomor- 
phism X '■ ^m(^) — *■ k and a G-linear surjection c-Indy V ®r^(y\ A; -» tt. 
As V is M-regular, we may apply Cor. 12.251 and get a G-linear surjection 
c-Ind^ V <8)J£/-y^ A: -» vr. Thus F is a weight of vr. 

To show that Ind-pO" is irreducible it suffices to show that a satisfies 
condition (*) of Thm. [8^81 Suppose that y is a weight of a. By what we just 
showed, V ^ V^^'''^ for some weight V of vr. So F(^nM){fc) - F^^"*^^^''^ ^ 
y ' •*. Thus the condition follows from (*'). 

To complete the proof, it will be useful to have an alternative description 
of a triple {K,T,B). We claim that X is a hyperspecial subgroup corre- 
sponding to a point in the apartment of T/p. Conversely we claim that if 
we start with a hyperspecial subgroup K' corresponding to a point in the 
apartment of a torus T',p and a Borel subgroup B',p containing T',p, then 
K' = G'{0) for a unique reductive integral structure G' of G/p. Moreover, 
T'.p, extends (uniquely) to a split maximal torus T' of G' and B',p extends 
(uniquely) to a Borel subgroup of G' containing T'. 

To see the first claim, we already recalled in Section [5] that the reductive 
integral structure G of G/p corresponds to a unique hyperspecial point x 
in the building of G/p (the unique fixed point of K). Choose a torus T^/p 
in G/p whose apartment contains x. By Bruhat-Tits theory, the torus T^/p 
extends (uniquely) to a split maximal torus T^ of G. But then T and T^ are 
conjugate by an element of G(0) = K jG+7n[ Exp. XXVI, Prop. 6.16], so x 
also lies in the apartment of T/p. For the second claim, the corresponding 
hyperspecial point gives rise to the required reductive integral structure G' 
of G/p. The remaining assertions are established by Bruhat-Tits ( |BT84[ 
§11.4.6]; see [HerlH §3] for more details). 

Finally we deduce that all -ff^^-weights of a are Tj^-regular. By conju- 
gating {K'j^,Tj^j,B'j^) by an element of M, we may assume that {Tj^,B'j^) 
agrees with (T, B n M) on the generic fibre. We claim that there is a re- 
ductive integral structure G' of G/p with a torus T' and a Borel subgroup 
B' containing it such that (T', B') agrees with (T, B) on the generic fibre 
and such that G'(0) n M = K'^^. By the above claims it suffices to find a 
hyperspecial subgroup K' corresponding to a point in the apartment of T/p 
such that K' nM = K'^. By |BT72l §7.6] and |BT84l II.4.2.18] the ex- 
tended building of M/p can be embedded M-equivariantly in the extended 
building of G/p such that the apartments Am{T/p) and Ag{T/p) of T/p 
coincide. Moreover any wall in A^i{T/p) is a wall in Ag{T/p). Let y be a 
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(hyperspecial) point in Am{T/p) whose stabiliser in M is K'j^j. (Note that 
y need not be unique, since we work with the extended building.) As y 
is hyperspecial, for each simple root a G Am there is an a-wall Ha that 
passes through y. The stabiliser in M of any point in OaeA^ -^" i^ ^M- (-'-^ 
projects to a single point in the reduced building of Mi p.) For each simple 
root /3 € A — A^/ pick an arbitrary /3-wall Hj^ in Ag{Tip). As simple roots 
are linearly independent, we see that flfleA -^/3 t^ ^- ^^^ -^ ^^ ^'^y point in 
this intersection. It is hyperspecial and its stabiliser K' in G is as required. 

After relabelling {K\ T' ,B') as {K, T, B) we can now assume that (X'^j, TJ^^, B'^j) 
{M{0),T,B n M). Then notice that we established above that condition 
(*) holds for a, but even for all simple roots a. We show that the condition 
for simple roots a G Am implies the T-regularity of all weights of cr. If the 
derived subgroup of M is simply connected, we can write V = F^^ {v) for 
some V G X*{T). If Saii') = v for some a G A^f it follows that v o a^ is 
trivial on /c^, contradicting the condition. In the general case one uses a 
z-extension of M/^. D 

10. SUBMODULE STRUCTURE 

In this section we determine the submodule structure of parabolically 
induced representations in two situations: for the trivial principal series 
(G general) and for the parabolic induction of an irreducible admissible 
representation (when G = GL^). 

We recall some elementary facts about the submodule structure of finite 
length modules whose constituents occur with multiplicity one. Let M be 
such a module over some, not necessarily commutative, ring. Let J denote 
the (finite) set of irreducible constituents of M. For each j & J there is a 
unique submodule Mj whose cosocle is j. There is a partial order < on J 
such that i < J if and only if Mj contains i as constituent. Then the lattice 
of submodules of M (with respect to inclusion) is naturally isomorphic to 
the lattice of lower sets in (J, <) (with respect to inclusion). (By a lower set 
in a partially ordered set ( J, <) we mean a subset J' C J such that i & J' 
whenever i < j and j G J'.) A submodule A^ is sent to the lower set JH(A) 
of constituents of N, whereas a lower set J' C J is sent to the submodule 

Recall from Cor. l7.3l that all constituents of Ind^ 1 occur with multiplicity 



one. 

Proposition 10.1. Let U denote the set of standard parabolic subgroups. 

B 



The lattice of submodules of Ind^ 1 is naturally isomorphic to the lattice of 



lower sets in (11, d). 

Note that we can identify the set of constituents of Ind-^ 1 with the set 
of standard parabolic subgroups via Spp ^->- P. With this identification a 
submodule N corresponds to the lower set JH(A). 
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We have an analogous result for Ind^Spg as in Prop. lTTUl the submodule 
lattice is isomorphic to the lattice of lower sets in (IIq, d), where IIq consists 
of all standard parabolic subgroups P' such that P' Ci M = Q. (Just note 
that Ind^Spg is a subquotient of Ind^l.) 

Proof. Let P be a standard parabolic subgroup. We will show that Indpl 
is the unique submodule with cosocle Spp. This implies the result: we have 
JH(Ind^l) = {Spg : Q D P} by using (j7.ip and induction. Recall from 
Section [7] that each Spg contains a unique weight Vq and that these weights 
are pairwise distinct. Moreover we saw in the proof of Thm. 17.21 that Vp is 
a weight of Ind^ 1 and that it generates Ind^ 1 as G-representation. Thus 
the image of Vp generates any quotient of Ind^l, so Spp is the unique 
irreducible quotient of Ind^l. D 

Now let G = GL„. Let P = MN be a standard parabolic subgroup 
and a an irreducible admissible M-representation. We will determine the 
submodule structure of Ind^ cr. Recall from Cor. l9.13] that Ind^o" has finite 
length and that the constituents occur with multiplicity one. 

We can use Thm. 19.81 to express vr := IndpO" in the same form as in 

Thm. 18. 7i As in the proof of Thm. [8?71 we can further rewrite vr as Ind^(ri 

■ ■ ■ ^ Ts), where Q is the standard parabolic with Levi Yli GL^i, such that 
for all i either 

o Ti is supersingular and mj > 1, or 

GL — 

o Ti = Indp ""' Spg. (^r]^ for some r][ : F^ ^ k^ 

and such that rj^ ^ r/^_,_^ whenever both tj and Tj+i fall into the second case. 
Here Ri = LiN[ is a standard parabolic of GL^i and Si a standard parabolic 
of Li. Let / C {!,... ,,s} be the subset of those i such that tj falls into the 
second case. Let X be the set consisting of tuples {S^i^j such that each S'i 
is a standard parabolic subgroup of GL^, satisfying S'i H Li = Si. We define 
a partial order <x on X by declaring that {Sl)i^j <x {S'Di^i if and only if 
S' D S'/ for all i G /. 



Proposition 10.2. With the above notation, the lattice of submodules of 
Ind-p cr is naturally isomorphic to the lattice of all lower sets in {X, <x)- 

Proof. Whenever we are given GLmj-representations t- for i (^ I, let <;^(Tj' : 
i £ I) denote the J^j GL^i -representation (^^^j^r/, where t| = tj for i ^ L 
Also let 7r(Tj' : i G I) denote Ind^ (?(''"/ • ^ ^ I))- Then the constituents of vr 

are the 7r(Sp5/ : i & I) for (S'j')je/ G X. 

GL 
Note that vr is a subquotient of vr' := vr(Lid-p-'"' 7][ : i ^ I), where Bi 

is the Borel in GL^^. The corresponding partially ordered sets (X, <x), 
{X',<x') are compatible in the sense that <x is the restriction of <x' 
to X. Without loss of generality we can therefore assume that vr = vr'. (Le., 
Ri = Bi and Si = Li = T.) Then vr has constituents vr(Sp^. (^ri[ : i £ I), 
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where the Ri run over all standard parabolic subgroups of GL^ - (for i G I). 

GL 

Fix now such Ri. We claim that the sub module -7r(Ind-^-'"' rj'^ : i G I) has 

irreducible cosocle iriSpfi^ (^r][ : i ^ I). To see this, let Vi be any weight of 

Ti for i / and the unique weight of Sp^, ^ri[ for i £ I. Then V := ^Vi is 

GL 
a weight of ^(Ind-^'"' rj[: i £ I) and generates it as J|^ GLmi-representation 

(by the proof of Thm. 17. 2p . Let V be the J^^ GLm- -regular weight for G 
that corresponds to V under the bijection of Lemma 12.51 By Thm. 13.11 it 

GL 

follows that V generates 7r(Ind-^™' ry^' : i G /) as G-representation. (Just 

pick any set of Hecke eigenvalues x foi' the weight V .) But (12.13P and 

the fact that generalised Steinberg representations can be distinguished by 

GL 
their weights show that 7r(Ind-g-'"' rj'- : i G I) indeed has irreducible cosocle 

GL 
Finally notice that the constituents of 7r(Ind-^'^' rj!^ : i E I) are all 

GL 
7r(Sp^/ 077^ : i E I) with R[ D Ri for all z G /. (Decompose each Ind-^-"^' 77^' 

and apply Thm. 18. 6[ ) D 
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